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Quantum cascade lasers are unipolar semiconductor lasers covering a wide range of the infrared
and terahertz spectrum. Lasing action is achieved by using optical intersubband transitions between
quantized states in specifically designed multiple-quantum-well heterostructures. A systematic
improvement of quantum cascade lasers with respect to operating temperature, efficiency, and
spectral range requires detailed modeling of the underlying physical processes in these structures.
Moreover, the quantum cascade laser constitutes a versatile model device for the development and
improvement of simulation techniques in nano- and optoelectronics. This review provides a
comprehensive survey and discussion of the modeling techniques used for the simulation of
quantum cascade lasers. The main focus is on the modeling of carrier transport in the
nanostructured gain medium, while the simulation of the optical cavity is covered at a more basic
level. Specifically, the transfer matrix and finite difference methods for solving the onedimensional Schr€odinger equation and Schr€odinger-Poisson system are discussed, providing the
quantized states in the multiple-quantum-well active region. The modeling of the optical cavity is
covered with a focus on basic waveguide resonator structures. Furthermore, various carrier
transport simulation methods are discussed, ranging from basic empirical approaches to advanced
self-consistent techniques. The methods include empirical rate equation and related MaxwellBloch equation approaches, self-consistent rate equation and ensemble Monte Carlo methods, as
well as quantum transport approaches, in particular the density matrix and non-equilibrium Green’s
function formalism. The derived scattering rates and self-energies are generally valid for n-type
C 2014
devices based on one-dimensional quantum confinement, such as quantum well structures. V
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GLOSSARY OF SYMBOLS

^
1 ¼ Unity operator
1D ¼ One-dimensional
3D ¼ Three-dimensional
A ¼ Spectral function
a ¼ Power loss coefficient
am ¼ Mirror or outcoupling power loss coefficient
aw ¼ Waveguide power loss coefficient
CPU ¼ Central processing unit
C ¼ Ideal midpoint of a rough interface of two adjacent
materials
c ¼ Vacuum speed of light
DTO ¼ Optical deformation potential field component jj u
DR ¼ Retarded environmental Green’s function
D< ¼ Lesser environmental Green’s function
dij ¼ Optical dipole matrix element for transition from
level i to j
E ¼ Electric field vector
En ¼ Electric field component (n ¼ x, y, z)
^ ¼ Electric field amplitude vector
E
^ (n ¼ x, y, z)
^
E n ¼ Component of E
E ¼ Energy
E0 ¼ Energy above conduction band edge, E0 ¼ E – Vc
Ei/Eik ¼ Eigenenergy of state jii=jiki
E~i ¼ Energy of state i relative to conduction band edge
EFi ¼ Quasi Fermi level of subband i
Ep ¼ Bias drop over a single QCL period
EðxÞ ¼ Complete elliptical integral of the second kind
EMC ¼ Ensemble Monte Carlo
e ¼ Elementary charge
f ¼ Distribution function
fi ¼ Carrier distribution function in subband i
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fiFD ¼ Fermi-Dirac distribution function
fiMB ¼ Maxwell-Boltzmann distribution function
GR ¼ Retarded electron Green’s function
G< ¼ Lesser electron Green’s function
g ¼ Power gain coefficient
gth ¼ Threshold power gain coefficient
H ¼ Magnetic field vector
^ ¼ Magnetic field amplitude vector
H
H^ ¼ Total Hamilton operator
^
H 0 ¼ Free electron Hamilton operator
Hn ¼ Magnetic field component (n ¼ x, y, z)
^ (n ¼ x, y, z)
H^ n ¼ Component of H
h ¼ Reduced Planck constant
I ¼ Optical intensity
J ¼ Imaginary part
I0 ¼ Modified Bessel function
Im ¼ Optical intensity in mode m
J ¼ Current density
J^ ¼ Current density operator
k ¼ In-plane wave vector, k ¼ ½kx ; ky T
k0 ¼ Final state in-plane wave vector, k0 ¼ ½k0x ; k0y T
k0 ¼ Vacuum wave number x=c
k21 ¼ Wave number x21 n0 =c
kn ¼ Wave number (of w or H^ y ) in segment n
ðnÞ
k~n ¼ kn =mn (for w); kn =r (for H^ y )
kB ¼ Boltzmann constant
L ¼ Resonator length
Lp ¼ Length of a QCL period
L ¼ Lorentzian lineshape function
Lij ¼ Lorentzian lineshape function for the transition
from subband i to j
LA ¼ Longitudinal acoustic
LO ¼ Longitudinal optical
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mjj ¼ In-plane effective mass
m ¼ C valley effective mass
m ¼ Effective mass in the growth direction
Ne ¼ Number of electrons
Np ¼ Number of periods
NPh ¼ Mode independent phonon occupation number
NQ ¼ Phonon occupation number of a mode with wave
vector Q
NEGF ¼ Nonequilibrium Green’s function
n ¼ Electron density
n0 ¼ Refractive index
nD ¼ Donor concentration
neff ¼ Effective refractive index b=k0
ns ¼ Total sheet density per QCL period
nsi ¼ Electron sheet density of level i
nEi ¼ Density of states per unit area and energy in
jj
subband i, nEi ¼ mi =ðph2 Þ
P ¼ Probability to find a single impurity
Pr ¼ Principal value integral
Q ¼ Phonon wave vector [q, qz]T
q ¼ In-plane component of Q, exchanged wave vector
qs ¼ Inverse screening length
QCL ¼ Quantum cascade laser
R ¼ Facet reflectance
< ¼ Real part
RPA ¼ Random phase approximation
r ¼ In-plane position vector (x, y)T
s ¼ Numerical grid spacing
S ¼ In-plane cross section area
Sg ¼ Gain medium cross section area
T ¼ Facet transmittance
Te ¼ Electron temperature
Ti ¼ Electron temperature in subband i
TL ¼ Lattice temperature
TA ¼ Transverse acoustic
TO ¼ Transverse optical
t ¼ Time
u ¼ Displacement vector for lattice vibrations
V ¼ Potential
V~ ¼ Electrostatic potential energy
Vc ¼ Conduction band edge potential
Viib0 jj0 ¼ Bare Coulomb matrix elements
Viis 0 jj0 ¼ Screened Coulomb matrix element
Vimp ¼ Impurity scattering potential
VIR ¼ Interface roughness potential
Vo ¼ Conduction band offset
^v ¼ Velocity operator
vs ¼ Longitudinal sound velocity
Vjk0 ;ik ¼ Matrix elements for elastic scattering processes
6
Vjk
0
;ik ¼ Matrix elements for emission/absorption processes
Wik;jk0 ¼ Transition rate from an initial state jiki to a final
state jjk0 i
6
Wik;jk0 ¼ Emission/absorption rate from an initial state jiki
to a final state jjk0 i
opt
Wij ¼ Stimulated transition rate from subband i to j
x ¼ Position vector [x, y, z]T
x^ ¼ Position operator
x ¼ In-plane coordinate in light propagation direction
x ¼ Alloy mole fraction
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y ¼ In-plane coordinate
z ¼ Coordinate in growth direction
a ¼ Optical field amplitude absorption coefficient
a0 ¼ Nonparabolicity parameter
b ¼ Complex propagation constant
b0 ¼ Nonparabolicity parameter
C ¼ Overlap factor
~ ¼ Scattering rate
C
cE ¼ Energy relaxation rate
ci;j ¼ Optical linewidth of transition from level i to j
dV^ ¼ Photonic perturbation potential
D ¼ Standard deviation of interface roughness
D21 ¼ Inversion, D21 ¼ q22  q11
Deq
21 ¼ Equilibrium inversion
Dn ¼ Length of nth segment; thickness of nth layer
Dz ¼ Uniform grid spacing
 ¼ Permittivity,  ¼ 0 r
0 ¼ Vacuum permittivity
r ¼ Dielectric constant
r;0 ¼ Static dielectric constant
r;1 ¼ Dielectric constant at very high frequencies
/ ¼ Potential drop per period
U ¼ Electrostatic potential
g21 ¼ Slowly varying envelope function of q21
K ¼ Interface roughness correlation length
l ¼ Chemical potential
l0 ¼ Vacuum permeability
N ¼ Deformation potential
q ¼ Space charge
qc ¼ Density of crystal
qij ¼ Density matrix element
qN ¼ Number density of crystal
RR ¼ Retarded self-energy
R< ¼ Lesser self-energy
r ¼ Complex conductance
si ¼ Lifetime of level i
sji ¼ Inverse transition rate from subband j to i
wi ¼ Wave function of subband i
Xij ¼ Rabi frequency for transition from level i to j
Xc ¼ Crystal volume
x ¼ Angular frequency
xD ¼ Debye frequency
xij ¼ Resonance frequency for transition from subband i
to j, (Ei  Ej)/h
xLO ¼ LO phonon frequency at Q ¼ 0
xTO ¼ TO phonon frequency at Q ¼ 0
^ x^ ¼ Commutator of Hamilton operator H^ and position
½H;

operator x^, H^ x^  x^H^
I. INTRODUCTION

The quantum cascade laser (QCL) is a fascinating device, combining aspects from different fields such as nanoelectronics and quantum engineering, plasmonics, as well as
subwavelength and nonlinear photonics. Since its first experimental realization in 1994,1 rapid progress has been
achieved with respect to its performance, in particular the
output power and the frequency range covered. The development of innovative types of QCLs and subsequent design
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optimization has gone hand in hand with detailed modeling,
involving more and more sophisticated simulation tools. The
advancement of simulation methods is driven by an intrinsic
motivation to describe the underlying physical processes as
exactly and realistically as possible. In addition to scientific
motivations, improved agreement with experimental data
and enhanced predictive power is desired. Furthermore, the
extension and improvement of QCL simulation methods is
largely driven by experimental progress, such as innovative
designs.
The QCL is a special type of semiconductor laser where
the optical gain medium consists of a multiple quantum well
heterostructure, giving rise to the formation of quantized
electron states. These so-called subbands assume the role of
the laser levels in the QCL. To date, lasing has only been
obtained for n-type QCLs, i.e., designs using intersubband
transitions in the conduction band. Well established material
systems are InGaAs/InAlAs on InP substrate, and
GaAs/AlGaAs on GaAs.2,3 Furthermore, antimonide QCLs
have been demonstrated, e.g., near- and mid-infrared QCLs
using InAs/AlSb4,5 and aluminum-free InGaAs/GaAsSb
QCLs operating in the mid-infrared6 and terahertz7 regime.
Since all these materials (apart from AlSb) have direct
bandgaps, the development of simulation methods and tools
for QCLs has focused on the conduction band C valley
where the lasing transitions take place.
In contrast to conventional semiconductor lasers where
lasing occurs due to electron-hole recombination between
conduction and valence band, the emission wavelength of
QCLs is not determined by the bandgap of the material.
Rather, by adequately designing the nanostructured gain medium, the device can be engineered to lase at a certain frequency. In this way, the mid/far infrared and terahertz
regimes become also accessible, important for applications
such as chemical and biological sensing, imaging, and special communication applications. In addition, the QCL offers
the typical advantages of semiconductor devices, such as
compactness, reliability, and potentially low production
costs.8 The basic working principle of the QCL is illustrated
in Fig. 1. Lasing is obtained due to stimulated emission
between the upper and the lower laser level, here resulting in
mid-infrared radiation at a wavelength of 5 lm. The depopulation level is separated from the lower laser level by the longitudinal optical (LO) phonon energy for InGaAs of
30 meV, enabling efficient depopulation of the lower laser
level. The injector level, located between two adjacent periods, ensures electron transport and injection into the upper
laser level of the next period. The optical field confinement
and beam shaping is provided by a specifically designed resonator, which is frequently based on plasmonic effects and
can exhibit subwavelength structuring for a further performance improvement.
The QCL operating principle was devised in 1971 by
Kazarinov and Suris.10 However, due to the experimental
challenges involved, it took more than two decades until
QCL operation was experimentally demonstrated at Bell
Labs by Capasso and his co-workers and Faist et al.1 Since
then, considerable progress has been achieved, e.g., with
respect to operating temperature,11 output power,12 and the
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FIG. 1. Conduction band profile and probability densities for a mid-infrared
QCL9 lasing at 5 lm. Only the relevant energy states are displayed. The
upper and lower laser levels are indicated by bold solid lines. Furthermore,
the depopulation (dashed line) and injector (thin solid line) state probability
densities are shown. The rectangle denotes a single QCL period.

available frequency range.5,13 Meanwhile, QCLs cover a
spectral range from 2.6 lm to above 400 lm (obtained by
applying an external magnetic field).5,13 At room temperature, continuous wave output powers of several W can now
routinely be obtained in the mid-infrared region,12 and
widely tunable designs are available.14 Furthermore, at cryogenic temperatures wall-plug efficiencies of 50% and above
have been demonstrated,9,15 and up to 27% at room temperature.12 Commercial QCLs and QCL-based systems are already available from various companies.8
On the other hand, terahertz QCLs, first realized in
2002,16 still require cryogenic operating temperatures.
Lasing up to 200 K has been obtained,17 and by applying a
strong external magnetic field, an operating temperature of
225 K has been demonstrated.18 A long standing goal is to
achieve operation at room temperature or at least in the commercially available thermoelectric cooler range (240 K).
For a further enhancement of the operating temperature, it is
crucial to improve the gain medium design and reduce the
resonator loss.17,19 For systematic QCL optimization and exploration of innovative designs, detailed modeling is essential, requiring advanced simulation approaches which enable
realistic QCL simulations.
Besides its function as the optical gain medium, the QCL
quantum well heterostructure can also exhibit a strong nonlinear optical response. Like the laser transition itself, such nonlinearities are based on quantized electron states, and thus can
be custom-tailored for specific applications and optimized to
exhibit extremely high nonlinear susceptibilities. This has led
to a new paradigm for QCL-based THz generation at room
temperature: Here, difference frequency mixing is used,
where the THz radiation corresponds to the difference in frequency of two detuned mid-infrared beams, generated by
highly efficient mid-infrared QCLs.20 The optical nonlinearity is either implemented into the QCL separately in a specifically designed heterostructure,21 or, more commonly, directly
integrated into the gain medium.20 With such an approach,
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THz generation at room temperature was obtained at power
levels of up to 120 lW.22,23 Furthermore, broadband frequency tunability has been demonstrated, which is important
for various applications such as spectroscopy.23,24 Here, the
main goal is to push the available room temperature output
power to a few mW, as required for most technical applications. The modeling of such terahertz QCL sources is particularly demanding, requiring the coupled simulation of two
mid-infrared QCLs and a careful modeling of the nonlinear
susceptibility and the associated frequency conversion process in the heterostructure.25 Artificial optical nonlinearities
have also been used to extend QCL operation towards shorter
wavelengths, which cannot be reached directly since the
energy spacing of the quantized laser levels is limited by the
quantum well depth of the gain medium. Based on a frequency doubling structure,26 a room temperature QCL source
operating at 2.7 lm could be demonstrated.27
The ongoing development and optimization of the QCL
heterostructure is accompanied by improvements of the optical cavity. For example, changes in the design and material
of the plasmonic resonator structure have played a crucial
role for increasing the operating temperature of THz
QCLs.17,19 Also, the performance of difference frequency
THz sources has largely benefited from special cavity
designs, such as the surface emitting Cherenkov waveguide
scheme to obtain increased output power and efficiency.23,28
Thus, a quantitative modeling and reliable numerical design
optimization and exploration must also include the optical
cavity. Moreover, various types of resonators with periodic
subwavelength structuring have been developed in the THz
and mid-infrared regime. This includes distributed feedback
structures to enforce single mode lasing and distributed
Bragg reflectors for enhanced facet reflectivity.29–31 A further example are surface emission schemes based on oneand two-dimensional photonic crystal structures,29,32,33
offering tailorable emission properties and improved beam
quality. The simulation of such subwavelength-structured
cavities requires advanced electromagnetic modeling, e.g.,
based on coupled mode theory34 or even full finite difference
time domain simulations of Maxwell’s equations.33,35
The goal of this review is to give a detailed survey and
discussion of the modeling techniques used for QCL simulation, ranging from basic empirical approaches to advanced
self-consistent simulation methods. The focus is here on the
modeling of the heterostructure gain medium. Also the simulation of the optical cavity will be covered for simple resonator waveguide structures. As mentioned above, the modeling
of complex cavities such as photonic crystal structures constitutes an advanced electromagnetic modeling task, which is
beyond the scope of this paper. The review is organized as
follows: In Sec. II, the numerical solution of the onedimensional Schr€odinger equation is discussed, providing
the eigenenergies and wave functions of the energy states in
the QCL heterostructure. Furthermore, the inclusion of space
charge effects by solving the Schr€odinger-Poisson equation
system is treated. Section III covers the modeling of the optical resonator, where we focus on a basic waveguide resonator structure. In Sec. IV, an overview and classification of
the different carrier transport models is given which are
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commonly used for the theoretical description of the QCL
gain medium. Section V contains a discussion of empirical
modeling approaches for the gain medium, relying on experimental or empirical input parameters, namely, empirical rate
equation and related Maxwell-Bloch equation approaches,
which are discussed in Secs. V A and V B, respectively.
Advanced self-consistent methods, which only require well
known material parameters as input, are covered in Secs.
VI–VIII: Semiclassical approaches such as the selfconsistent rate equation model (Sec. VI E) and the ensemble
Monte Carlo method (Sec. VI F), as well as quantum transport approaches such as the density matrix method (Sec. VII)
and the non-equilibrium Green’s function formalism (Sec.
VIII). In this context, also the transition rates (Secs.
VI A–VI D) and self-energies (Sec. VIII D) are derived for
the relevant scattering processes in QCLs. The paper is concluded in Sec. IX with an outlook on future trends and
challenges.

€
II. SCHRODINGER-POISSON
SOLVER

A careful design of the quantized states in the QCL heterostructure is crucial for the development and optimization
of experimental QCL devices. In particular, the lasing frequency is determined by the energy difference between the
upper and lower laser level. Furthermore, a careful energy
alignment of the levels is necessary to obtain an efficient
injection into the upper and depopulation of the lower laser
level. For example, for the structure shown in Fig. 1, the
depopulation level is separated from the lower laser level by
the InGaAs LO phonon energy of 30 meV to obtain efficient depopulation, while the injector level is aligned with
the upper laser level of the next period.9 Also careful engineering of the wave functions is important, determining the
strength of both the optical and nonradiative transitions.
Moroever, various carrier transport simulation approaches,
such as ensemble Monte Carlo (EMC), require the quantized
energy levels as input. The eigenenergies and wave functions
are determined by solving the stationary Schr€odinger equation or, if space charge effects are taken into account, the
Schr€odinger-Poisson equation system.

€ dinger equation
A. Schro

The QCL heterostructure consists of alternately grown
thin layers of different semiconductor materials, resulting in
the formation of quantum wells and barriers in the conduction band. Thus, the potential V and effective masses vary in
the growth direction, here denoted by z, whereas x and y
refer to the in-plane directions. The QCL heterostructure is
usually treated in the framework of the Ben Daniel-Duke
model which only considers the conduction band,36 where
the lasing transitions and carrier transport take place. Within
this approximation, the stationary Schr€odinger equation is
given by
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(




2
h
1  2
1
2
@ þ @y þ @z  @z
0¼ 
2 m k ðzÞ x
m ðzÞ

þ V ðzÞ  E w3D ðx; y; zÞ;

(1)

where w3D and E denote the wave function and eigenenergy,
respectively. Furthermore, mk refers to the in-plane effective
mass and m* is the effective mass in the growth direction,
i.e., perpendicular to epitaxial layers. For bound states,
the
Ð Ð Ð 1wave 2function is commonly normalized, i.e.,
1 jw3D j dxdydz ¼ 1. Since V and the effective masses
only depend on the z coordinate, we can make the ansatz
w3D ðx; y; zÞ ¼ S1=2 wk ðzÞexpð ikx x þ iky yÞ:

(2)

Here, S is the in-plane cross section area and k ¼ ½kx ; ky T
denotes the in-plane wave vector, where T indicates the
transpose. The factor S1=2
Ð is added in Eq. (2) to obtain the
normalization condition jwk j2 dz ¼ 1. Insertion of Eq. (2) in
Eq. (1) yields the Ben Daniel-Duke model
(
)
h2 kx2 þ ky2 

h2
1
 @z  @z þ V ðzÞ  Ek wk ðzÞ ¼ 0; (3)
2 m k ð zÞ
2 m ðzÞ
where the wave function wk ðzÞ and energy Ek depend on the
in-plane electron motion, i.e., on k. Decoupling can be
obtained by neglecting the z dependence of the in-plane
effective mass mk , yielding the one-dimensional (1D)
Schr€
odinger equation in its usual form
"
#
h2

1
(4)
 @z  @z þ V ðzÞ  E wðzÞ ¼ 0:
2 m ðzÞ
The eigenenergy E due to 1D electron confinement in z
direction is related to the total energy Ek by Ek ¼ E þ Ekin,
where
Ekin ¼ h2 ðkx2 þ ky2 Þ=ð2mk Þ ¼ h2 k2 =ð2mk Þ

(5)

is the kinetic electron energy due to the free in-plane motion
of the electrons. The effective mass values not only depend
on the material composition37 but also on the lattice temperature and doping level.38 The latter effects tend to play a secondary role in QCLs and are thus usually neglected. For
strained QCL structures, the effective masses are additionally affected by the lattice mismatch between the different
semiconductor materials, resulting in modified values
mk 6¼ m .39
B. Boundary conditions

Strictly speaking, the quantum states in the QCL heterostructure are not bound, since the electron energy E exceeds
the barrier potential for large values of z. Thus, the electrons
will tunnel out of the multiple quantum well system after a
limited time. This situation is illustrated in Fig. 2. If the electron remains in the quantum well system for a considerable
amount of time, the concept of quasi-bound or quasi-

FIG. 2. Quasi-bound states in the conduction band of a QCL heterostructure.

stationary states can be used.40 Such a state can again be
described by Eq. (4), however the eigenenergy is now a complex quantity, E ¼ E0  ihcq =2. The meaning of the imaginary term ihcq =2 for quasi-stationary states can be
understood by considering that the time dependence of a
stationary wave function w is given by expðiEt=hÞ.
Consequently, for a complex eigenenergy E the density probability jwj2 of the electron in the quantum well system
decays as expðcq tÞ, thus cq is the probability density decay
rate of the quasi-bound state, and sq ¼ c1
q can be associated
with the lifetime of the particle in the quantum well.40
Some numerical approaches have been developed to
solve Eq. (4) for quasi-bound states.41,42 However, the relevant states which are considered for the design of a QCL
structure, such as the upper and lower laser levels and injector states, are typically strongly bound to obtain optimum
performance. Since the electron lifetime in these states is
governed by scattering processes and resonant tunneling
rather than sq , they are usually treated as bound states. This
can be done by restricting the simulation to a finite simulation window containing a limited number of periods, and
imposing artificial boundary conditions w ¼ 0 at the borders,
as illustrated in Fig. 3. The simulation window has to be chosen sufficiently large so that the portion of the wave function
which lies inside the quantum wells, i.e., which significantly
deviates from 0, is not markedly affected. For the simulation,
we assume that the QCL heterostructure is periodic, where a
period is defined by a sequence of multiple barriers and
wells, as illustrated in Fig. 1. Thus, for a biased QCL structure, it is sufficient to compute the eigenenergies and corresponding wave functions for a single energy period of width
Ep, corresponding to the bias drop over a QCL period (see
Fig. 3). The solutions of the other periods can then simply be
obtained by shifts in position by multiples of the period
length Lp, and corresponding shifts in energy. For example,
the solutions in the right-neighboring period are given by
wi0 ðzÞ ¼ wi ðz  Lp Þ; Ei0 ¼ Ei  Ep , where wi and Ei are the
wave function and eigenenergy of the ith solution of Eq. (4)
obtained in the central period.
For the laser design and simulation, usually only the relevant laser subbands such as the upper and lower laser level
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FIG. 3. Finite simulation window with artificial boundary conditions w ¼ 0.
The central QCL period of the simulated structure is indicated, as well as the
energy interval used for determining the bound states, corresponding to an
energy period. The states in the other periods are found by adequate shifts in
position and energy.

and injector states are considered. These typically correspond to the strongly bound states of the QCL heterostructure. Furthermore, the artificial boundary conditions
illustrated in Fig. 3 give rise to spurious solutions of Eq. (4),
which are not localized in the quantum wells. A systematic
selection of the relevant subbands can be achieved by considering only the most strongly bound levels in each period.
In this context, the energy of state i relative to the conduction
band edge
ð
(6)
E~i ¼ Ei  Vjwi j2 dz
is a useful quantity.43 An automated selection of the relevant
subbands can then be implemented by choosing the states
with the lowest energies E~i in each period, considering all
subbands which contribute significantly to the carrier
transport.
C. Nonparabolicity

In Fig. 4, the band structure of GaAs as a typical III–V
semiconductor material is displayed. Shown is the valence
band (dashed lines), consisting of heavy hole, light hole, and
split-off bands, and the conduction band (solid line). As
pointed out above, only the conduction band is considered in
the Ben Daniel-Duke model, introduced in Sec. II A. The
conduction band has three minima, referred to as the C, L,
and X (or D) valley according to their position in K space.
For direct bandgap semiconductors typically used in QCLs,
the C valley is the lowest minimum. Thus, the theoretical
treatment is usually restricted to that valley, although under
certain conditions transitions to the X or L valleys can also
affect QCL operation.45–48 Furthermore, Eqs. (1)–(5) assume
a parabolic dispersion relation between energy and wave
number (dotted line in Fig. 4). This approximation only
holds close to the C valley minimum, i.e., it breaks down for
high-lying energy levels. The deviation from the parabolic
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FIG. 4. Band structure of gallium arsenide (GaAs), obtained with NEMO5
in 20 band empirical tight binding.44 Shown are the valence bands (dashed
lines), the conduction band (solid line), and the parabolic dispersion relation
used for the C valley (dotted line).

dispersion, i.e., the nonparabolicity, scales roughly inversely
with the semiconductor bandgap.49 This effect thus plays a
role especially for mid-infrared QCLs with lasing transition
energies of up to a few 100 meV, which are frequently based
on low-bandgap semiconductors such as InGaAs or InGaSb.
A detailed treatment of nonparabolicity effects in QCLs has
been performed by using kp theory.45–47,50 A related strategy, which we will discuss in the following, is to consider
nonparabolicity in Eq. (4) by implementing an energy dependent mass, derived from kp theory. This method
involves additional approximations, but is less complex than
full kp calculations and can easily be incorporated into the
transfer matrix approach, which is widely used to solve Eq.
(4). According to Ekenberg,51 we obtain the energy dependent effective masses
m ðE0 Þ ¼

m
½1  ð1  4a0 E0 Þ1=2 ;
2a0 E0

mk ðE0 Þ ¼ m ½1 þ ð2a0 þ b0 ÞE0 :

(7a)
(7b)

Here, a0 and b0 are nonparabolicity parameters, which are
defined in the framework of a 14-band kpcalculation.51,52
1
Approximately, we have a0 ¼ Eg þ Dso =3 ,49 where Eg
and Dso are the bandgap energy and the energy difference
between the light-hole and split-of valence bands, respectively. Furthermore, m* is the C valley effective mass. In the
QCL heterostructure, the electron kinetic energy in the conduction band is given by E0 ðzÞ ¼ E  V ðzÞ. Since the semiconductor material changes along the growth direction, also
m ; a0 , and b0 are z dependent. This approach is valid for
moderate energies E0  1=a0 . The fact that Eq. (7a) even
breaks down for a0 E0 > 1=4 can cause numerical problems
for large values of z close to the right simulation boundary,
where w is already close to 0 but E0 can assume relatively
large values (see Fig. 3). This issue can be avoided by using
Eq. (7a) for E0 < 0, and its second order Taylor expansion
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(8)

for E0 > 0, which is the widely used lowest order implementation of nonparabolicity.49,51 For an energy dependent effective mass, the Hamiltonian in Eq. (4) is not Hermitian; thus,
the obtained wave functions are in general not orthogonal.53
Also other approaches are available for implementing nonparabolicity effects, for example based on the Kane model.53
In self-consistent simulations, each scattering process is
evaluated based on the corresponding Hamiltonian, which
depends on the in-plane effective masses of the subbands
involved. Thus, if we want to include corrections due to nonparabolicity also for the scattering processes,54,55 then Eq.
(7b) should be used to determine mk ðE0 Þ, which is however z
dependent. This problem can be avoided by defining an average effective mass for the ith subband
ð
k
mi ¼ m ðzÞ 1 þ 2a0 ðzÞ þ b0 ðzÞ ½Ei  V ðzÞ jwi ðzÞj2 dz;
(9)
where
the wave function is assumed to be normalized,
Ð
jwi j2 dz ¼ 1, and Ei denotes the corresponding subband
eigenenergy. This lowest order implementation of nonparabolicity thus yields different, albeit constant in-plane masses
for each subband.
D. Numerical solution

Numerical approaches for solving the one-dimensional
effective mass Schr€odinger equation [Eq. (4)] are required to
be robust. Also computational efficiency is crucial, especially for QCL design and optimization tasks where many
simulations have to be performed. Furthermore, a straightforward implementation is desirable. Widely used numerical
approaches include the transfer matrix method41,43,56,57 and
finite difference scheme.58,59 Both methods have their
strengths and shortcomings. In particular, effects such as
nonparabolicity can be included more easily into the transfer
matrix approach. A further advantage is the exact treatment
of the potential steps between barriers and wells in the QCL
heterostructure. On the other hand, this method can exhibit
numerical instabilities for multiple or extended barriers due
to an exponential blowup caused by roundoff errors.58 This
issue can however be overcome, for example by using a
somewhat modified approach, the scattering matrix
method.60 In Fig. 5, the transfer matrix and finite difference
schemes are illustrated.
1. Transfer matrix approach

The transfer matrix approach uses the fact that analytical
solutions of Eq. (4) are available for constant or linear potential sections and for potential steps.61 An arbitrary potential
can then be treated by approximating it in terms of piecewise
constant or linear segments, respectively. In the first case,
the solution is given by complex exponentials,41,56 while the
approximation by linear segments gives rise to Airy function
solutions.41 The Airy function approach provides an exact

FIG. 5. Numerical solution of the one-dimensional effective mass Schr€
odinger
equation: (a) Transfer matrix approach and (b) finite difference method.

solution for structures which consist of segments with constant effective masses and piecewise linear potentials, such
as a biased QCL heterostructure if we neglect nonparabolicity and space charge effects. On the other hand, Airy functions are much more computationally expensive than
exponentials, and also prone to numerical overflow for segments with nearly flat potential.62 Thus, great care has to be
taken to avoid numerical problems and to evaluate the Airy
functions efficiently.63
In the following, we focus on the exponential transfer
matrix scheme, illustrated in Fig. 5(a). We start by dividing
the structure into segments which can vary in length, but
should be chosen so that all band edge discontinuities occurring between wells and barriers are located at the border of a
segment, i.e., do not lie within a segment. The potential and
effective mass in each segment n with zn  z < zn þ Dn
¼ znþ1 are approximated by constant values, e.g., Vn
¼ V ðzn Þ; mn ¼ m ðzn Þ, resulting in a jump Vn ! Vnþ1 ;
mn ! mnþ1 at the border between the segments n and
n þ 1.41 Nonparabolicity can straightforwardly be implemented by using Eq. (7a) for m*; then mn ¼ mn ðEÞ depends
on the eigenenergy E. The solution of Eq. (4) in segment n is
given by
wðzÞ ¼ An exp ikn ðz  zn Þ þ Bn exp ikn ðz  zn Þ :

(10)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
wave number
(for
Here, kn ¼ 2mn ðE  Vn Þ=h is pthe
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
E < Vn , we obtain kn ¼ ijn ¼ i 2mn ðVn  EÞ=h).41 The
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matching conditions for the wave function at a potential or
effective mass discontinuity read
wðz0 þÞ ¼ wðz0 Þ;
½@z wðz0 þÞ=m ðz0 þÞ ¼ @z wðz0 Þ =m ðz0 Þ;

(11)

where z0þ and z0– denote the positions directly to the right
and left of the discontinuity.61 Using Eqs. (10) and (11), the
amplitudes Anþ1 and Bnþ1 can be related to An and Bn by


 
An
Anþ1
¼ Tn;nþ1
;
(12)
Bnþ1
Bn
where the transfer matrix is with k~n ¼ kn =mn given by
Tn;nþ1 ¼ Tn!nþ1 Tn ðDn Þ
0
k~nþ1 þ k~n ikn Dn
e
B
B 2k~nþ1
¼B
B~
@ k nþ1  k~n ikn Dn
e
2k~nþ1

1
k~nþ1  k~n ikn Dn
e
C
C
2k~nþ1
C:
C
k~nþ1 þ k~n ikn Dn A
e
2k~nþ1

(13)

Here,

Tn ðDn Þ ¼

eikn Dn
0

0
eikn Dn


(14)

corresponds to the transfer matrix for a flat potential obtained
from Eq. (10), and


1
k~nþ1 þ k~n k~nþ1  k~n
(15)
Tn!nþ1 ¼
2k~nþ1 k~nþ1  k~n k~nþ1 þ k~n
is the potential step matrix for the interface between the segments n and n þ 1 at z0 ¼ znþ1, derived from Eq. (11).61 For a
structure divided into N segments, the relation between the
amplitudes at the left and right boundaries of the structure,
A0, B0 and AN, BN, can be obtained by multiplying the matrices for all segments
!
!
A0
AN
¼ TN1;N TN2;N1 …T0;1
BN
B0
!
!
A0
T11 T12
:
(16)
¼
T21 T22
B0

the right boundary is computed from Eq. (16) as a function
of energy, wN ðEÞ ¼ AN ðEÞ þ BN ðEÞ, and the eigenenergies
are given by wN ðEÞ ¼ 0. For the periodic QCL heterostructure, it is sufficient to restrict the simulation to a single
energy period (see Fig. 3). In practice, Eq. (16) can only
be solved for a limited number of discrete energy points
Em ¼ E0 þ mDE with sufficiently close spacing DE . The
eigenenergies are located in intervals Em ::Emþ1 with
wN ðEm ÞwN ðEmþ1 Þ < 0, and can be determined more accurately by choosing a finer energy grid in the corresponding
intervals, or preferably by applying a root-finding algorithm
such as the bisection method.64
The accuracy of the transfer matrix scheme can generally be improved by replacing Eq. (13) with a symmetric
transfer matrix
 
 
Dn
Dn
Tn!nþ1 Tn
Tn;nþ1 ¼ Tnþ1
2
2
0
1
~
~
~
k nþ1 þ k n iknþ Dn k nþ1  k~n ikn Dn
e
e
B
C
B 2k~nþ1
C
2k~nþ1
C; (17)
¼B
B k~  k~
k~nþ1 þ k~n iknþ Dn C
@ nþ1
A
n ikn Dn
e
e
2k~nþ1
2k~nþ1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where kn6 ¼ ðkn 6 knþ1 Þ=2 and kn ¼ 2mn ðE  Vn Þ=h;
k~n ¼ kn =mn .43 Here, the band edge discontinuities occurring
between wells and barriers must be treated separately by
using the corresponding transfer matrix Eq. (15).
2. Finite difference method

The finite difference method works by converting Eq.
(4) to a finite difference equation. As illustrated in Fig. 5(b),
a spatial grid with uniform spacing Dz is introduced, and the
wave function wðzÞ, potential V ðzÞ, and effective mass m ðzÞ
are represented by the corresponding values wn , Vn, and
mn on the grid points zn. First order derivatives
 are approxi
mated by @z wðzn þ Dz =2Þ Dwnþ1=2 ¼ wnþ1  wn =Dz .
1
Consequently, the term @z ðm Þ @z w in Eq. (4) at z ¼ zn can
=mn1=2
be expressed as ðDwnþ1=2 =mnþ1=2  Dw
 n1=2
 Þ=Dz .


Using linear interpolation mnþ1=2 ¼ mn þ mnþ1 =2, we
obtain the discretized form of Eq. (4)58,59
sn wn1 þ dn wn  snþ1 wnþ1 ¼ Ewn ;

(18)

with
This equation must be complemented by appropriate
boundary conditions. As described in Sec. II B, for the QCL
heterostructure we can restrict our simulation to a limited
number of periods (see Fig. 3) and assume w ¼ 0 at the
boundaries of our simulation window, corresponding to
A0 þ B0 ¼ 0 and AN þ BN ¼ 0. The left boundary condition
can, for example, be enforced by setting A0 ¼ 1, B0 ¼ 1.
The right boundary condition AN þ BN ¼ 0 can then only be
satisfied if the energy dependent matrix elements T11(E),
T12(E), T21(E), and T22(E) in Eq. (16) assume certain values.
The corresponding energies E are the eigenenergies of the
bound states.41 Numerically, these eigenenergies are found
by the so-called shooting method. Here, the wave function at

sn ¼

dn ¼

h2
D2z ðmn1 þ mn Þ

;



h2
1
1
þ
þ Vn :
D2z mn1 þ mn mn þ mnþ1

(19a)

(19b)

Here, the grid should be chosen so that the band edge discontinuities occur halfway between two adjacent grid points,58
as illustrated in Fig. 5(b). We again assume that the wave
function is zero at the boundaries of our simulation window,
w0 ¼ wN ¼ 0. Writing Eq. (18) in matrix form yields an
eigenvalue equation of the form ðH  EIÞw ¼ 0, where w is
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the wave function vector with w ¼ ½w1 ; w2 ; …; wN1 T , I represents the identity matrix of size N – 1, and H is the
Hamiltonian matrix with the non-zero elements Hn,n ¼ dn,
Hn,n–1 ¼ sn, Hn,nþ1 ¼ snþ1. This equation can be solved
by using a standard eigenvector solver for a tridiagonal matrix problem.64 However, if nonparabolicity is taken into
account, this is not directly possible since the effective
masses mn depend on E, and a modified numerical scheme
must be employed.65 Alternatively, the shooting method discussed in Sec. II D 1 can be employed.

€ dinger-Poisson equation system
E. Schro

To lowest order, electron-electron interaction can be
considered by self-consistently solving Eq. (4) together with
the Poisson equation57,66


X
(20)
e1 @z ðzÞ@z V~ðzÞ ¼ e nD ðzÞ 
nsi jwi ðzÞj2 :
i

From a quantum mechanical point of view, this corresponds
to a mean-field treatment of the electron-electron interaction
referred to as Hartree approximation, representing the lowest
order of a perturbation expansion in the electron-electron
interaction potential. In Eq. (20), ðzÞ is the permittivity
which varies with semiconductor composition and thus is
also periodic, and e denotes the elementary charge. The right
hand side of Eq. (20) corresponds to the space charge q in
the QCL heterostructure due to the positively charged donors
with concentration nD ðzÞ and the electrons, where nsi is the
electron sheet density of level i with wave function wi ðzÞ.
This charge distribution in the structure gives rise to space
charge effects, resulting in an additional electrostatic potential energy V~ðzÞ which causes conduction band bending.67
The total potential V in Eq. (4) is then given by
V ¼ V0 þ V~. Here, V0 ¼ Vc  Ep z=Lp , where Vc is the
unbiased conduction band profile due to the varying material
composition, thus describing the wells and barriers, and the
term –Ep z/Lp results from the applied bias. Since the energy
drop across a period is given by the external bias,
~ðz0 þ Lp Þ. Due
V ðz0 Þ  V ðz0 þ Lp Þ ¼ Ep , we have V~ðz0 Þ ¼
Ð z0V
þLp
qdz ¼ 0, we
to the charge neutrality in each period, z0
furthermore obtain @z V~ðz0 Þ ¼ @z V~ðz0 þ Lp Þ, i.e., V~ has the
periodicity of Vc. Thus, we can restrict the solution of Eq.
(20) to a single QCL period z½z0 ; z0 þ Lp  and assume the
boundary conditions V~ðz0 Þ ¼ V~ðz0 þ Lp Þ ¼ 0.
Equation (20) can, for example, be solved by applying
the finite difference method. In analogy to Eqs. (18) and
(19), we obtain
s~n V~n1  d~n V~n þ s~nþ1 V~nþ1 ¼ qn ;

(21)



X
nsi jwi;n j2
qn ¼ e nD;n 

(22)

with

i

and

1
ðn1 þ n Þ;
2eD2z
1
d~n ¼
ðn1 þ 2n þ nþ1 Þ:
2eD2z
s~n ¼

(23)

Equation (21) is then solved over a single QCL period
z½z0 ; z0 þ Lp , with the grid points zn, n ¼ 0…P which
should coincide with the grid used for solving the
Schr€odinger equation Eq. (4). Applying the boundary conditions V~0 ¼ V~P ¼ 0, Eq. (21) can be written as a matrix equa~ ¼ q, where V
~ and q represent vectors with
tion MV
elements V~n and qn , respectively, with n ¼ 1…ðP  1Þ. M is
a matrix with the non-zero elements Mn;n ¼ d~n ; Mn;n1
¼ s~n ; Mn;nþ1 ¼ s~nþ1 . This equation can be efficiently solved
using an algorithm for tridiagonal equation systems.64
While nsi in Eq. (22) can in principle only be determined
by detailed carrier transport simulations, simpler and much
faster approaches are often adopted, e.g., for design optimizations of experimental QCL structures over an extended parameter range. Frequently, Fermi-Dirac statistics is applied,57,66
with
nsi ¼

k


mi
k T ln 1 þ exp l  E~i =ðkB TL Þ :
2 B L
ph

(24)

Here, we assume that the electron distribution is described
by the lattice temperature TL. Furthermore, l is the chemical
k
potential, kB denotes the Boltzmann constant, and mi is the
effective mass associated with the ith subband, see Eq. (9). If
nonparabolicity effects are neglected, mi can often be
approximated by the value of the well material. In Eq. (24),
the energy E~i defined in Eq. (6) is used instead of the eigenenergy Ei, to correctly reflect the invariance properties of the
biased structure.43 Especially, this guarantees that the
obtained results do not depend on the choice of the elementary period in the heterostructure. The chemical potential l
is found from the charge neutrality condition within one
period, i.e.,
ð z0 þLp
X
s
n ¼
nD dz ¼
nsi :
(25)
z0

i

This is done recursively by first determining
and
P a s lower
s
n
<
n
and
an
upper
boundary
value
for
l
where
i i
P s
s
i ni > n , respectively, and then finding the exact l, e.g.,
by using the bisection method.64
The total potential in the Schr€odinger equation (4) is
given by V ¼ V0 þ V~, where V~ has to be obtained by solving
the Poisson equation (20). On the other hand, the wave functions wi in Eq. (20) must be determined from Eq. (4). In
practice, this is done by iteratively solving the Schr€odinger
and Poisson equations,57 initially assuming V~ ¼ 0, until the
results for V~; wi , and Ei converge. If the nsi are obtained from
self-consistent carrier transport simulations instead of using
Eq. (24), then the carrier transport simulation and the numerical solution of the Schr€odinger-Poisson system have to be
performed iteratively until convergence is obtained. Such
simulations are then referred to as self-self-consistent
approaches.67,68
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FIG. 7. Typical waveguide resonator geometry of a QCL.
FIG. 6. Conduction band profile and probability densities for a bound-tocontinuum terahertz QCL.69 Shown are the results without considering space
charge effects (solid lines) and for space charge effects taken into account,
assuming thermally occupied subbands (dashed lines).

In Fig. 6, simulation results for a terahertz QCL69
obtained by solving the Schr€odinger equation (solid lines)
and the Schr€
odinger-Poisson system (dashed lines) are compared. Although the populations obtained by Eq. (24) usually
deviate considerably from detailed carrier transport simulations, this simplified approach can already give improved
results, as compared to completely neglecting space charge
effects.68 The reason is that the positively charged donors
are usually localized in a relatively small section, e.g., a single quantum well, while the electrons are more or less distributed across the whole QCL period. This leads to
considerable conduction band bending due to space charge
effects, as illustrated in Fig. 6. While a more exact determination of nsi yields a somewhat different electron distribution,
the overall result for V~ will be similar as for the simplified
model based on Eq. (24).
The method shown above is not the only one for solving
the Schr€
odinger-Poisson system self-consistently under the
condition of global charge neutrality. A common alternative
approach is to keep the chemical potential fixed and solve
the Poisson equation with Neumann boundary conditions.
These boundary conditions allow the Poisson potential to
self-adjust the density and maintain the global charge neutrality. Typically, this requires a nonlinear realization of the
Poisson equation to include an explicit potential dependence
of the charge density. Such a nonlinear Poisson equation can
then effectively be solved with iterative methods such as the
predictor-corrector approach.70

III. OPTICAL RESONATOR MODELING

The resonator spatially confines the radiation field, furthermore providing optical outcoupling, beam shaping and
frequency selection. While most theoretical work has
focused on the carrier transport in the gain medium, there
has also been progress in the modeling of the cavity. For
example, the resonator loss, which is crucial for the temperature performance of THz QCLs,17,19 has been extracted from
finite element simulations of the resonator.71 In Fig. 7, a typical waveguide resonator geometry of a QCL is sketched, and
the used coordinate system is shown for reference. The propagation direction of the optical field is denoted by x, y refers

to the lateral direction, and z indicates the growth direction
of the heterostructure. The resonator consists of materials
with different permittivities to obtain waveguiding and optical outcoupling. Thus, for optical cavity simulations, the material permittivities must be known, which in general depend
on the frequency, doping level, and temperature. In this context, often the Drude model is employed with adequately
chosen fitting parameters.71 For intersubband optical transitions, only the dipole matrix element in the z direction where
quantum confinement occurs is nonzero, see Sec. V B. Thus,
only resonator modes with an electric field component along
the z direction are amplified. For this reason, surface emission, i.e., outcoupling through the xy-plane, can only be
obtained by using special outcoupling schemes.33,72
A. Maxwell’s equations

The propagation of the electric and magnetic field vectors
Eðx; tÞ and Hðx; tÞ is generally described by Maxwell’s equations. Here, x ¼ ½ x; y; zT and t are the position vector and time,
respectively. In the following, monochromatic fields are considered. We use the physics convention, i.e., we assume a harmonic time dependence / expðixtÞ, where x denotes the
angular frequency. The fields are then expressed as Hðx; tÞ
^ ðxÞexpðixtÞg, Eðx; tÞ ¼ <fE
^ ðxÞexpðixtÞg, where
¼ <fH
^
^
H and E denote the complex amplitude vectors. All equations
can easily be converted to the engineering convention [expressing the time dependence as / expðjxtÞ] by making the formal
substitution i ! j. For optical frequencies, typically the permeability is given by its vacuum value l0. Furthermore, it is
here assumed that the dielectric constant can be described by a
position dependent complex scalar r ðxÞ. Under these conditions, Maxwell’s equations simplify to
r
r

^ ¼ ix0 r E;
^
H

(26a)

^
^ ¼ ixl0 H:
E

(26b)

rB ¼ l0 rðHÞ ¼ 0 is then automatically fulfilled, as can be
seen by taking the divergence of Eq. (26b). The equation
rD ¼ rð0 r EÞ ¼ q delivers the charge density q and is not
needed to compute E and H. Eqs. (26) and the corresponding
boundary conditions define an eigenvalue problem, which
yields the electromagnetic resonator modes. General numerical approaches for solving Maxwell’s equations include the
finite element73 and finite difference time domain35 method,
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which also have been applied to the simulation of QCL
cavities.71,74
B. Two-dimensional waveguide model

^ from Eqs. (26), a wave equation for H
^
By eliminating E
can be derived.75 In many cases, a waveguide geometry is
used which does not depend on the longitudinal x direction,
i.e., r ¼ r ðy; zÞ. Optical outcoupling is then obtained
through the cleaved semiconductor facets which serve as
partly transparent mirrors. Since the resonator length of up to
a few mm is large as compared to the transverse resonator
dimensions, the computation of the transverse mode profile
in the yz-plane can be decoupled from the propagation coordinate and reduces to a 2D problem. The facet transmittance
is then calculated based on the obtained transverse field distribution. For a constant waveguide geometry in propagation
direction x, we can assume a field dependence Hy;z ðx; tÞ
¼ <fH^ y;z ð y; zÞexpðibx  ixtÞg with the complex propagation constant b, and analogously for the electric field. The
wave equation then reduces to two coupled differential equations for the transverse field components
ð@p2

þ

@q2 ÞH^ p

@q r
þ
ð@p H^ q  @q H^ p Þ ¼ ðb2  k02 r ÞH^ p ; (27)
r

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with k0 ¼ x l0 0 ¼ x=c; p ¼ y; z, and q ¼ z,y.75 The
longitudinal component Hx is obtained from rH ¼ 0.
Furthermore, the electric field components can be calculated
from Eq. (26a). The solution of Eq. (27), along with the corresponding boundary condition of vanishing fields for
y2 þ z2 ! 1, constitutes an eigenvalue problem, and the
corresponding solutions H^ y;z and b correspond to the waveguide modes. As mentioned above, only resonator modes
with an electric field component along the z direction are
amplified. This is fulfilled for the transverse magnetic (TM)
modes, which are characterized by a vanishing magnetic
field in the propagation direction, i.e., Hx ¼ 0.
A waveguide mode is frequently characterized using
three parameters, the overlap (or field confinement) factor C,
the waveguide loss coefficient aw, and the mirror or outcoupling loss coefficient am, with the total power loss coefficient
a ¼ aw þ am. Based on these quantities, the threshold gain is
given by gth ¼ a=C. Furthermore, for QCL simulations
including the optical cavity field, these parameters enter the
simulation of the QCL gain medium to describe the properties of the waveguide mode.76,77 C, aw, and am can be
obtained from the mode solutions of Eq. (27). The waveguide loss arises from the absorption in the waveguide layers
and is given by aw ¼ 2=fbg. The overlap factor corrects for
the fact that the mode only partially overlaps with the gain
medium. To reflect the fact that the gain medium only couples to the Ez component, the overlap factor is defined as78
ðð

jE^z j2 dydz
S

C ¼ ð ð 1g
1

;
^ 2 dydz
jEj

(28)

where we integrate over the gain medium cross section area
Sg in the enumerator.
Strictly speaking, the calculation of the facet transmission constitutes a full 3D problem, since the facets introduce
an abrupt change in x direction. However, since the QCL resonator length is large as compared to its transverse dimensions, the computation of the transverse mode profile in the
yz-plane can be decoupled from the x coordinate, as mentioned above. Only for sufficiently wide transverse waveguide dimensions, the facet reflectance R can be estimated
from Fresnel’s formula
R ¼ jneff  1j2 =jneff þ 1j2 ;

(29)

with the effective refractive index defined as neff ¼ b=k0 . In
general, modal effects lead to an increased reflectance.71
Various methods have been developed to extract R from the
mode solutions provided by Eq. (27).79–82 The description of
the outcoupling loss by a distributed coefficient am is
obtained from R ¼ expðam LÞ with the resonator length L,
yielding
am ¼ lnðRÞ=L:

(30)

If one facet is reflection coated and the light is outcoupled
only at one side, we obtain am ¼ lnðRÞ=ð 2LÞ.
C. One-dimensional waveguide slab model

If the waveguide width in lateral y direction significantly
exceeds its thickness, the waveguide calculations can be
reduced to a 1D problem with r ¼ r ðzÞ, corresponding to
the simulation of a slab waveguide structure.83 This applies
for example to typical THz metal-metal waveguide resonators, where the vertical z dimension of around 10 lm is often
significantly smaller than the lateral y dimension
ð 25  200 lmÞ.71 For TM modes, in addition to Hx ¼ 0 we
have approximately Hz 0, and the y component is given by
Hy ð x; zÞ ¼ <fH^ y ðzÞexpð ibx  ixtÞg, where b denotes the
complex propagation constant. The one-dimensional wave
equation is then obtained from Eqs. (26) or Eq. (27) as
2
2 ^
^
r @z ð1
r @z H y Þ ¼ ðb  r k0 ÞH y :

(31)

The electric field amplitude is with Eq. (26a) given by
b ^
H y;
E^z ¼ 
x0 r
E^x ¼ 

i
@z H^ y :
x0 r

(32a)
(32b)

From Eq. (31) we see that both Hy and ð1=r Þ@z Hy must be
continuous, corresponding to the continuity of the field components Hy and, with Eq. (32b), Ex parallel to the layers.
Equation (31) can be brought into the same form as the
one-dimensional Schr€odinger equation (4) by associating
2
2

h2 , and
H^ y ðzÞ; r ðzÞ, and 1
r b  k0 with wðzÞ; 2m ðzÞ=
E  V ðzÞ, respectively. Thus, we can use the transfer matrix
method introduced in Sec. II D 1 also for solving Eq. (31).
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We start by dividing the waveguide in z direction into layers
n, zn  z < zn þ Dn ¼ znþ1 , with constant relative permittivðnÞ
ities r . Although the gain medium itself consists of different layers, it can be described by its total layer thickness and
a single effective dielectric constant since the individual
layers are so thin that the electromagnetic wave cannot
resolve the structure. For TM modes, the inverse effective
1
1
dielectric constant is given by 1
r;eff ¼ ðDb r;b þ Dw r;w Þ=
ðDb þ Dw Þ, where Db and Dw denote the total thickness of
the barriers and wells in the gain medium, respectively, and
r;b ; r;w are the corresponding dielectric constants.84,85 In
analogy to Eq. (10) for solving the Schr€odinger equation, we
can write the solution of Eq. (31) in layer n as83
ð nÞ
H^ y ¼ An exp ikn ðz  zn Þ þ Bn exp ikn ðz  zn Þ ;
ðnÞ

(33)

with kn ¼ ðr k02  b2 Þ1=2 . The propagation through the segment n is then described by the matrix Tn ðDn Þ defined in Eq.
(14). As mentioned above, Eq. (31) implies the continuity of
Hy and ð1=r Þ@z Hy across layer boundaries. These matching
conditions between two layers can be expressed in terms of
ð nÞ
matrix Eq. (15) by choosing k~n ¼ kn =r . There is, however,
one fundamental difference between Eqs. (4) and (31):
Equation (31) generally has complex eigenvalues b2 since r
becomes complex for materials with optical loss or gain.
Consequently, the shooting method described in Sec. II D 1
is not applicable, and a complex root finding algorithm has
to be used.
The transmittance T ¼ 1 – R through the facet can be
approximately computed from the mode profile H^ y ðzÞ. For
TM polarization, we obtain from the boundary value
method79
"ð
#1
1 <fbg<  z
r ð Þ þ =fbg= r ðzÞ
2
^
T¼
jH y ðzÞj dz
jr ðzÞj2
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð k0
1  kz2 =k02 jUðkz Þj2 jU0 ðkz Þj2
2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8pjbj k0
dkz ;
1  kz2 =k02 Uðkz Þ þ bU0 ðkz Þj2
k0 jk0
(34)
with the Fourier transforms

ð
1 1 ^
U ðk z Þ ¼
H y ðzÞexpðikz zÞdz;
2p 1
ð1 ^
H y ðzÞ
1
expðikz zÞdz:
U 0 ðk z Þ ¼
2p 1 r ðzÞ

(35)

Several extensions of the one-dimensional mode calculations presented above are available. For high aspect ratios
of the waveguide cross section, the 2D mode calculation can
be approximately reduced to 1D problems in y and z directions, respectively, by using the effective refractive index
method.86 A generalization of the transfer matrix scheme for
solving the two-dimensional wave equation, Eq. (27), is the
film mode matching method, which is especially efficient for
waveguides with a rectangular geometry.87 Waveguides with
a periodic structure in propagation direction, such as a grating for surface emission, can be treated with coupled mode
theory.34
IV. OVERVIEW AND CLASSIFICATION OF CARRIER
TRANSPORT MODELS

Depending on the intended goals, carrier transport models with varying degrees of complexity have been used for
the QCL gain medium simulation, ranging from simple rate
equation approaches to fully quantum mechanical descriptions. The central task is to determine the optical gain, which
is proportional to the population inversion between the upper
and the lower laser levels, and the current through the heterostructure as a function of the applied bias voltage. Most simulation approaches require the eigenenergies and wave
functions of the energy levels in the QCL heterostructure as
an input, which are determined by solving the Schr€odinger
equation or the Schr€odinger-Poisson equation system (see
Sec. II).
In Fig. 8, various theoretical descriptions of the gain medium with different levels of complexity are illustrated. The
most basic model of laser gain media in general is the rate
equation approach,88 which is also frequently applied to
QCLs.77,89–94 The electron transport is simply described by
transition rates between the relevant energy levels in the gain
medium. In the case of the QCL, these are the electron subbands, and the corresponding transitions are referred to as

FIG. 8. Illustration of various
carrier transport models with
different levels of complexity
and accuracy: (a) Rate equation
approach; (b) ensemble Monte
Carlo method; (c) 3D density
matrix/NEGF approach.
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intersubband transitions. The application of the rate equation
model to the QCL is illustrated in Fig. 8(a). In addition to the
transitions induced by the optical lasing field, nonradiative
transitions occur due to various scattering mechanisms, such
as the interaction of the electrons with phonons, other electrons or defects in the semiconductor lattice. In the simplest
case, these scattering rates are experimental or empirical
input parameters.89,90 In more advanced implementations,
the transition rates are computed based on the corresponding
Hamiltonian,91,92 only relying on well known material parameters such as the effective mass. Thus, no specific experimental input is required, and no free “fitting” parameters are
available. A direct numerical solution is here not possible
since the transition rates depend on the a priori unknown
electron populations. Rather, the steady state solution must
be found by simulating the temporal evolution of the system
until convergence is reached, or by using an iterative
scheme. Such advanced carrier transport methods are generally referred to as self-consistent approaches. Apart from
providing an intuitive description, rate equation models are
numerically very efficient, and thus are frequently employed
for the design and optimization of experimental QCL structures.94 An extension are the Maxwell-Bloch equations,
which include the carrier-light interaction based on the density matrix formalism.95 This approach is used to investigate
coherence effects between the laser field and the gain medium, relevant in particular for the pulse formation in mode
locked QCLs.96–98
In a quantum well heterostructure such as the QCL gain
medium, the electrons are only confined in the growth direction. Thus, energy quantization occurs in one dimension,
while the electrons can still freely move in two dimensions.
Due to this free in-plane motion in the quantum well, the
electrons have kinetic energy in addition to the eigenenergy
of the corresponding quantized level, as illustrated in Fig.
8(b). For a more detailed modeling and an improved understanding of the carrier transport in QCLs, the in-plane
motion of the electrons must be taken into account. Such
three-dimensional (3D) simulation approaches also consider
intrasubband transitions occurring between different kinetic
energies within a subband, and yield the electron distribution
in each subband in addition to the level populations. On the
other hand, the complexity increases significantly as compared to one-dimensional (1D) descriptions such as above
discussed rate equation approach, since transitions are now
characterized by the initial and final subbands as well as the
corresponding kinetic energies. An example for a selfconsistent 3D approach is the EMC method. Here, the intrasubband processes are fully taken into account, and the scattering rates are self-consistently evaluated based on the
corresponding Hamiltonian. Combining versatility and reliability with relative computational efficiency, the EMC
approach has been widely used for the analysis, design, and
optimization of QCLs.46,47,99–110
In both the rate equation and EMC approach, the carrier
transport is described by scattering-induced transitions of discrete electrons between the quantized energy levels, corresponding to a hopping transport model. Such methods are
referred to as semiclassical, since the energy quantization in
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the QCL heterostructure is considered, but quantum coherence effects and quantum mechanical dephasing are not
included. Various quantum transport simulation approaches
have been developed which take into account quantum correlations between the energy levels. One example is the density
matrix method. Its 1D version can be seen as a generalization
of the rate equation approach, and is frequently used for the
analysis and optimization of THz QCLs.17,111–113 In its 3D
form114,115 illustrated in Fig. 8(c), it corresponds to a generalization of semiclassical approaches based on the Boltzmann
transport equation such as EMC.114 Also the nonequilibrium
Green’s function (NEGF) method, considered the most
general quantum transport approach, has been applied to the
simulation of QCL structures.116–124 Quantum transport
approaches are numerically much more demanding than their
semiclassical counterparts. On the other hand, quantum coherence effects can play a pronounced role especially in THz
QCLs where the energetic spacing between the quantized levels is relative small,115,125 while they are less relevant in midinfrared QCLs.114
In Table I, a classification of the different simulation
approaches covered in this review is given. Here, we differentiate between semiclassical schemes based on hopping
transport between the quantized energy levels, and quantum
transport approaches taking into account quantum correlations. We divide the methods into empirical approaches
relying on empirical or experimental input parameters, and
self-consistent schemes which evaluate the transition rates
based on the corresponding Hamiltonian. Furthermore, we
distinguish between 1D modeling techniques only considering the subband populations and intersubband transitions,
and 3D approaches also taking into account the electron distribution in the subbands and the intrasubband dynamics.
V. EMPIRICAL APPROACHES

The most basic approach for modeling the electron dynamics in a laser is to use experimental or empirical transition rates between the relevant energy levels in the laser gain
medium.88 For QCLs, these levels correspond to the quantized eigenstates of the heterostructure, which have to be
found by solving the Schr€odinger equation, Eq. (4). The electron dynamics is then described by rate equations.88 Often,
only the nonradiative transitions are considered which occur
due to various scattering mechanisms, such as the interaction
TABLE I. Classification of carrier transport modeling techniques. The corresponding section number is given in brackets.
Semiclassical

1D

1D
3D

Empirical
Rate equations (V A)
Maxwell-Blocha (V B)
Self-consistent
Rate equations (VI E)
Monte Carlo (VI F)

Quantum transport

1D density matrix (VII)

1D density matrix (VII)
3D density matrix (VII)
NEGF (VIII)

a
Only the carrier-light interaction is modeled using a density matrix formalism, while scattering is treated based on rate equations.
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of the electrons with phonons, other electrons or defects in
the semiconductor lattice. Simulations not including the optical cavity field can be used to investigate under which conditions sufficient optical gain is obtained, so that lasing
operation can start at all. In this way, parameters such as the
threshold current density and maximum operating temperature can be extracted. To investigate the lasing operation
itself, including optical output powers, saturation effects or
the intrinsic linewidth,90 the optical field has to be included
as well. Modified empirical scattering-rate approaches have
been developed for specific types of QCLs.126 MaxwellBloch equations which are a generalization of the rate equation approach can be used to model the coherent interaction
between the laser field and the gain medium,95 e.g., to investigate the formation of optical instabilities in mode-locked
QCLs.96

A. Empirical rate equations

The rate equations for a laser are given by88
dt nsi ¼

X
j6¼i

s
1 s
s1
ji nj  si ni þ

X
ðWijopt nsi þ Wjiopt nsj Þ: (36)
j6¼i

The first two terms contain the relaxation transitions due to
scattering, e.g., the interaction of the electrons with phonons,
other electrons or defects in the semiconductor lattice. Also
spontaneous emission can be included here. The scattering
rate from a level j to i is often expressed inPterms of an
1
1
inverse scattering lifetime s1
ji , where si ¼
j6¼i sij indicates the total inverse lifetime of level i. The last sum contains the lasing transitions, where Wijopt are the stimulated
optical transition rates for those transitions where an optical
field at or near the corresponding frequency jxij j
h is present.88 The rates Wijopt are proportional to
¼ jEi  Ej j=
the optical intensities in the corresponding lasing modes.
Typically, only one or a few transitions contribute to lasing.
Furthermore, nsi is the electron sheet density of subband i,
i.e., the electron number divided by the in-plane cross section area S. This quantity is often used in QCL heterostructures where energy quantization occurs in one dimension and
the electrons can still freely move in in-plane direction.
Commonly, the QCL heterostructure is designed strictly
periodically, as illustrated in Fig. 1. Apart from fabrication
tolerances, a periodic model is valid for the central QCL
periods far away from the contacts, if effects such as domain
formation127 and local variations of the optical field intensity
can be neglected. The sum in Eq. (36) can then be restricted
to one representative central period
X
X
s
1 s
s
^ opt
^ opt s
^s 1
ðW
dt nsi ¼
ji nj  si ni þ
ij ni þ W ji nj Þ; (37)
j6¼i
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ns ¼

N
X

nsi :

The steady state solution is obtained by setting dt nsi ¼ 0. If
we are not interested in the lasing operation itself, but only if
sufficient inversion for lasing is obtained, stimulated optical
^ opt
^ opt
effects can be excluded, W
ij ¼ W ji ¼ 0. The subband populations nsi ði ¼ 1::NÞ can then be found by solving the linear
equation system Eq. (37) with dt nsi ¼ 0 and i ¼ 1::ðN  1Þ,
complemented by Eq. (38) to obtain a linearly independent
system and thus a unique solution. To include lasing, this
system has to be complemented by equations describing the
^ opt
optical intensities in the lasing modes, since the W
ij is intensity dependent.
Often the empirical rate equation is restricted to the
most important subbands and transitions to obtain compact
analytical results. A common model is the three-level system,89 illustrated in Fig. 9. This description only includes the
upper laser level 2, lower laser level 1, and a reservoir level
0 representing the extraction and injector subbands. A fraction g2 of the current density J is injected into the upper laser
level, and g1 into the lower laser level. Furthermore, only the
1
1
transition rates s1
21 ; s20 , and s10 are included, with the
1
inverse upper and lower laser level lifetimes s1
2 ¼ s21
1
1
1
þ s20 ; s1 ¼ s10 . With Eq. (36), the rate equations for the
upper and lower laser level are then obtained as

opt  s
s
s
dt ns2 ¼ g2 J=e  s1
2 n2  r21 I n2  n1 ;
(39)

opt  s
s
1 s
s
dt ns1 ¼ g1 J=e  s1
1 n1 þ s21 n2 þ r21 I n2  n1 ;
where ropt
21 is the cross section for stimulated emission from
level 2 to 1 and I is the optical intensity of the laser radiation
at frequency x21 ¼ ðE2  E1 Þ=h. If lasing is neglected, I ¼ 0,
the steady state population inversion is with dt ¼ 0 in
Eq. (39) obtained as89




J
s1
ns2  ns1 ¼ g2 s2 1 
 g1 s1 :
(40)
s21
e
The three-level model can be extended to take into account
further effects such as thermal backfilling of the lower laser
level and backscattering from level 1 to level 2 in terahertz
QCLs, which can be modeled by introducing additional lifetimes s01 and s12 , respectively.90
B. Maxwell-Bloch equations

Bloch equations are a generalization to the rate equation
approach where the interaction of the laser level electrons

j6¼i

with i; j ¼ 1::N, where
the number of subbands in each
PN is 1
period. Here, ^s 1
¼
s
ji
n2Z j;iþnN includes the transitions to
all equivalent levels in the different periods, and analogously
^ opt . The total sheet density in each period is determined
for W
ji
by the doping sheet density

(38)

i¼1

FIG. 9. Three-level system model for a QCL.
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with the optical field is modeled using a density matrix formalism rather than scattering rates.95 In this way, optical
nonlinearities and coherence effects between the laser field
and the gain medium can be considered, while the carrier
transport due to nonradiative mechanisms is included by the
corresponding lifetimes as for the rate equations. To describe
the optical propagation, the Bloch equations are complemented by Maxwell’s or related equations, such as the wave
equation. This model has, for example, been used to investigate the formation of optical instabilities in QCLs,96,97
and to study the possibility of self-induced transparency
modelocking.98 The nonlinear optical dynamics in the gain
medium also plays an important role for the recently demonstrated QCL-based frequency combs.128
The interaction of a classical optical field with a twolevel system is in the density matrix formalism described
by95

@t q21 ¼ ix21 q21  ih1 d12
Ez D21  c21 q21 ;

 (41)


1  
@t D21 ¼ 2i
h d12 q21  d12 q21 Ez  cE D21  Deq
21 ;

where the asterisk denotes the complex conjugate. Ez ð x; tÞ
represents the field component in the growth direction z of
the heterostructure since the other components do not interact with the gain medium, and d12 ¼ eh1jzj2i is the corresponding dipole matrix element of the laser transition.
q ð x; tÞjji are the denFurthermore, qij ðx; tÞ ¼ qji ð x; tÞ ¼ hij^
sity matrix elements, and D21 ðx; tÞ ¼ q22 ð x; tÞ  q11 ð x; tÞ is
the inversion. The density matrix can be normalized so that
qii ¼ nsi =ns gives the relative population of subband i.
Dissipative processes are phenomenologically included by
adding decay terms with relaxation rates cE and c21 , describing the energy relaxation and dephasing, respectively. Deq
21 is
the equilibrium inversion which the system approaches for
Ez ¼ 0. If the gain medium is not homogeneous along
the propagation direction, as is the case for self-induced
transparency mode locking structures,98 the parameters d12,
cE ; c21 ; x21 , and Deq
21 depend on the propagation coordinate x.
Assuming weak nonlinearity and inhomogeneity, the optical field propagation can be described by the wave equation.95 For propagation in x direction, it is given by
 2

2 2
@x  c2 n20 @t2 Ez ¼ 1
(42)
0 c @t P z :
Pz ðx; tÞ is the polarization component in z direction due
to the lasing transition, given by Pz ¼ ðns =Lp Þðd12 q21
 
q21 Þ. Here, Lp is the length of a single QCL period and
þ d12
ns /Lp thus corresponds to the average electron concentration.97 Furthermore, n0 denotes the refractive index of the
gain medium material.
Ez and q21 are typically expressed by their slowly varying envelope functions
1
Ez ð x; tÞ ¼ E^z ð x; tÞexp½ið k21 x  x21 tÞ þ c:c:;
2
q21 ð x; tÞ ¼ g21 ðx; tÞexp½ið k21 x  x21 tÞ;

(43)

where k21 ¼ x21 n0 =c and c.c. denotes the complex conjugate. Inserting Eq. (43) into Eq. (41) and neglecting the

rapidly oscillating terms / expð62ix21 tÞ, we obtain the density matrix equations in the rotating wave approximation95

@t D21

1  ^
@t g21 ¼ ið2hÞ d12
(44a)
E z D21  c21 g21 ;





 ^
¼ ih1 g21 d12
E z  g21 d12 E^z  cE D21  Deq
21 :

(44b)
Inserting Eq. (43) into Eq. (42) yields with the slowly
varying amplitude approximation j@x2 E^z j  jk21 @x E^z j; j@t2 E^z j
 jx21 @t E^z j95,97
x21 C ns
1
@x E^z þ n0 c1 @t E^z ¼ i
d12 g21  aE^z ;
0 cn0 Lp
2

(45)

furthermore assuming j@t2 g21 j; jx21 @t g21 j  jx221 g21 j. Here,
the overlap factor C, Eq. (28), has been added to correct for
the fact that the optical mode only partially overlaps with the
gain medium, and a loss term with the power loss coefficient
a has been included. For applying the Maxwell-Bloch equation model to QCLs, typically the simplifying assumption is
made that the lower laser level is depopulated very efficiently, s1 ! 0, resulting in ns1 ¼ 0 in Eq. (39).97 The inversion is then directly given by the upper laser level
population, D21 ¼ ns2 . By comparison of Eq. (44) with Eq.
1
ð s Þ
(39), we obtain Deq
21 ¼ s2 g2 J= n e ; cE ¼ s2 .
The Maxwell-Bloch equations, Eqs. (44) and (45), are a
versatile approach to describe the optical dynamics in QCLs,
and additional effects can straightforwardly be implemented.
For example, the influence of spatial hole burning due to the
standing wave modes in a linear cavity has been extensively
studied,96,97,129 and dispersion as well as saturable absorption have been added to the model.130
1. Optical gain and transition rates

The Bloch equations Eq. (44) can be used to derive the
optical gain coefficient and transition rate associated with
stimulated emission and absorption.95 For a monochromatic
electromagnetic field, the stationary solution of Eq. (44a) is
obtained by setting @t g21 ¼ 0
g21 ¼ 

i
d E^z D21 :
2hc21 12

(46)


Multiplying Eq. (45) from left with E^z and adding the complex conjugate, we obtain with Eq. (46)

@x I þ n0 c1 @t I ¼ CgI  aI;

(47)

with the power gain coefficient
g¼

x21 ns
jd12 j2 ðq22  q11 Þ:
hc21 0 cn0 Lp

(48)

Here, we have replaced the electric field by the optical intensity I ¼ 0 cn0 jE^z j2 =2. The optical power inside the resonator
is given by P ¼ ISg =C, where Sg is the cross section area of
the gain medium and Sg =C corresponds to the effective area
of the waveguide mode. Frequently, I is assumed to change
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only slightly along the resonator, i.e., the intensity is averaged over the x coordinate. This assumption is valid especially for the case of moderate output coupling at the facets
where the mirror loss can be described by a distributed coefficient am, Eq. (30). Equation (47) then simplifies to
n0 c1 @t I ¼ CgI  aI:

(49)

The transition rate due to the optical field is with @t D21 jopt
¼ 2@t q22 jopt ¼ 2@t q11 jopt obtained from Eqs. (44b) and
(46) as
1

 ^
@t q22 jopt ¼ ih1 ðg21 d12
E z  g21 d12 E^z Þ
2
1
jd12 j2 ðq22  q11 ÞI:
¼ 2
(50)
h c21 0 cn0
The contribution / q22 I leading to a reduction of q22 is due
to stimulated emission, while the contribution / q11 I corresponds to absorption. For a slightly detuned optical field at a
frequency x 6¼ x21 , Eqs. (48) and (50) can be adapted by
replacing c1
21 with pLðxÞ, where LðxÞ is the Lorentzian
lineshape function95
L ðx Þ ¼

1
c21
:
2
p c21 þ ðx  jx21 jÞ2

(51)

Thus, we obtain with the sheet densities ns1 ¼ ns q11 ,
ns2 ¼ ns q22 ,
g¼



px
jd12 j2 ns2  ns1 LðxÞ;
h0 cn0 Lp


(52)

and
@t ns2 jopt ¼ 



p
jd j2 ns2  ns1 ILðxÞ:
2 12
0 cn0 h

(53)

Comparison with Eq. (36) yields for the stimulated optical
transition rates
Wijopt ¼ Wjiopt ¼

p
jd12 j2 ILðxÞ:
0 cn0 h2

(54)

VI. SELF-CONSISTENT SEMICLASSICAL
APPROACHES

Advanced self-consistent simulation approaches only
rely on well known material parameters such as the effective

mass, and no further specific experimental or empirical input
is required. This also means that no adjustable parameters
are available to fit the simulation results to experimental
data. These approaches are based on the evaluation of the
transitions between the various states due to different scattering mechanisms, including the interaction of the electrons
with phonons, impurities, and other electrons. The associated
scattering rates are computed based on the corresponding
Hamiltonian. A direct numerical solution of the resulting
equations is not possible since the transition rates depend on
the initially unknown electron populations. Rather, the
steady state solution must be self-consistently found by simulating the temporal evolution of the system until convergence is reached, or by using iterative schemes. These
methods rely on the subband wave functions and eigenenergies found by solving the Schr€odinger or Schr€odingerPoisson equation, as described in Sec. II. The carrier transport is then modeled by transitions of discrete electrons
between the quantized energy levels, also referred to as hopping transport. Thus, these methods are called semiclassical,
since the energy quantization in the QCL heterostructure is
considered, but quantum coherence effects and dephasing
mechanisms are not included. Formally, semiclassical carrier
transport descriptions can be derived from the more general
density matrix formalism by neglecting the contribution of
the off-diagonal matrix elements, i.e., only considering the
diagonal elements corresponding to the occupations of the
states.114,131 In the following, the most relevant scattering
mechanisms in the QCL will be discussed. Furthermore, the
self-consistent rate equation approach and the EMC method
will be described, which are the two most widely used
advanced semiclassical QCL simulation schemes.
A. Scattering mechanisms and transition rates

A transition of a carrier from one state to another due to
a perturbation is referred to as a scattering process. The perturbation is described by a corresponding potential V, which
can be static or time dependent.61 This results in different
classes of scattering processes, illustrated in Fig. 10 for the
case of one-dimensional electron confinement as in QCL heterostructures. Elastic scattering, shown in Fig. 10(a), occurs
for time constant potentials. Here, the carrier energy is conserved. Relevant mechanisms in QCLs include impurity,
interface roughness, and alloy scattering. For potentials with
harmonic time dependence, V / cosðx0 tÞ, the carrier energy
is changed by 7hx0 , corresponding to the case of emission

FIG. 10. Different classes of
scattering processes: (a) elastic
scattering; (b) inelastic scattering; (c) carrier-carrier scattering.
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þ
Vjk
ðQ Þ
0
;ik

!


Vjk
0
;ik ðQÞ

!
V
exp
iQx
ð
Þ
0
¼ hjk0 j
jiki
V0 expðiQxÞ
!
ð ð1
V0 expðiQxÞ

1
wj wi
¼S
V0 expðiQxÞ
S 1
exp½iðk  k0 Þrd2 rdz:

FIG. 11. Simulation results for the spectral gain vs. frequency, as obtained
by evaluating electron-phonon (e-p), electron-impurity (e-i), and electronelectron (e-e) scattering (solid curves) and neglecting e-e (dashed curves) or
e-i (dotted curves) scattering. (a) 3.4 THz resonant phonon depopulation
structure; (b) 3.5 THz bound-to-continuum structure. Reprinted with permission from J. Appl. Phys. 105, 123102 (2009). Copyright 2009 AIP
Publishing LLC.107

(56)

Assuming bound wave functions wi;j ðzÞ in Eqs. (55) and
(56), the integration over the z coordinate can be taken from
1 to 1. This is also consistent with treating the gain medium as an infinitely extended periodic heterostructure.
Furthermore, the in-plane cross section S is assumed to be
macroscopic, and thus the integration can for scattering rate
calculations be extended from 1 to 1 also in x and y
direction.
The transition rate from an initial state jiki to a final
state jjk0 i is obtained from Fermi’s golden rule,61 given by
Wik;jk0 ¼



2p
jVjk0 ;ik j2 d Ejk0  Eik
h

(57)

for elastic scattering processes and
and absorption, respectively. This is referred to as inelastic
scattering [see Fig. 10(b)]. An important inelastic mechanism is optical phonon scattering, and also the interaction
with photons can be viewed as an inelastic scattering process. A special case is intercarrier process illustrated in Fig.
10(c) such as electron-electron scattering, where two electrons are involved in the scattering event. Figure 11 shows
the influence of various scattering mechanisms on the spectral gain obtained from an EMC simulation for two different
terahertz QCL designs.107
QCLs are n-type devices which are typically based on
direct bandgap semiconductors. Thus, in the following, we
restrict our treatment of scattering to the conduction band C valley where also the lasing transitions occur. However, we note
that under certain conditions transitions to other valleys can
affect QCL operation.45–48 Scattering causes an electron transition from an initial state jiki to a final state jjk0i in the QCL heterostructure, where k ¼ ðkx ; ky ÞT and k0 ¼ kx0 ; ky0 T are the
corresponding in-plane wave vectors. The states are described
by their wave functions Eq. (2) and eigenenergies Eq. (5).
For the initial state, we have w3D;i ¼ S1=2 wi ðzÞexpðikrÞ with
k
r ¼ ðx; yÞT and Eik ¼ Ei þ h2 k2 =ð2mi Þ where wi ðzÞ and Ei are
obtained from Eq. (4) as described in Sec. II A, and analogously
for the final state.
For elastic scattering processes, V is constant. The corresponding matrix element is defined as
Vjk0 ;ik ¼ hjk0 jVjiki
ð ð1
1
Vwj wi exp½iðk  k0 Þrd2 rdz:
¼S

(55)

S 1

For inelastic processes, we assume a harmonic potential of
the form V ¼ V0 expðiQx  ix0 tÞ þ V0 expðiQx þ ix0 tÞ,
where Q is, for example, the phonon wave vector. The matrix element can in analogy with Eq. (55) be obtained as

6
Wik;jk
0 ðQ Þ ¼



2p 7
jV 0 ðQÞj2 d Ejk0  Eik 6 hx0
h jk ;ik

(58)

þ
for inelastic processes. Here, Wik;jk
0 corresponds to the emis
sion rate, caused by the component expðix0 tÞ, and Wik;jk
0
refers to absorption due to the component expðix0 tÞ. The
Dirac d function ensures energy conservation. For elastic
processes, we obtain from Ejk0 ¼ Eik

0

11=2
E

E
i
j
k
A :
jk0 j ¼ k0 ¼ @ k k2 þ 2mj
h2
mi
k

mj

(59)

Analogously, energy conservation yields for inelastic
scattering
0
11=2
k
m
hx0 A
j
k Ei  Ej 7 
:
(60)
k0 ¼ @ k k2 þ 2mj
2
h

mi
The computation of the total transition rates from an initial state jiki to a final subband j involves the summation
over wave vectors. These sums can be converted to integrals,
introducing a factor of Ld =ð2pÞ per dimension where the device length Ld in the corresponding direction is assumed to
be large enough that quantization effects can be neglected.132
An example is the summation over the final in-plane wave
vector k0 which is two-dimensional. It can furthermore be
advantageous to express k0 in polar coordinates jk0 j and /,
k
h2 jk0 j2 =ð2mj Þ.
and introduce a kinetic energy variable Ekin
j ¼
Thus, we obtain
ð ð1
X
S
…!
…d2 k0
2
ð
Þ
0
1
2p
k
k ð ð
Smj 1 2p
¼
… d/dEkin
(61)
j :
ð2phÞ2 0 0
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Spin degeneracy is not considered here, since for singleelectron scattering processes the spin is conserved. For
electron-electron scattering, the spin degeneracy must, however, be taken into account, as more closely discussed in the
corresponding section. Analogously, summation over a threedimensional wave vector, such as the phonon wave vector Q,
can in a crystal lattice of volume Xc be approximated by
X

…!

Q

Xc
ð2pÞ3

ð ð ð1

…d3 Q:

(62)

1

B. Phonon scattering

A phonon is a quasiparticle associated with the lattice
vibrations in a crystal, representing an excited quantum mechanical state in the quantization of the vibrational modes.
Classically speaking, for an atom located at position x, lattice vibrations are described by a displacement vector
u ¼ U sinðQx  xQ tÞ, with the amplitude U, wave vector Q,
and angular frequency xQ . The normal modes are the solutions of u for which the lattice uniformly oscillates at a
single frequency xQ , and a phonon corresponds to an elementary vibrational motion. The associated relation between
wave vector Q and frequency xQ , the so-called dispersion
relation, defines a phonon branch, as illustrated in Fig. 12.
Acoustic modes are sound waves where two consecutive
atoms move in the same direction, and we have xQ ¼ 0 for
Q 5 0. For optical modes, two consecutive atoms in the
same unit cell move in opposite direction, and xQ at Q 5 0
typically corresponds to infrared optical frequencies.
Furthermore, the wave propagation can be predominantly
longitudinal ðQ k UÞ or transverse ðQ?UÞ; the corresponding branches are then referred to as longitudinal or transverse
branches. In three dimensions, there is a single longitudinal
acoustic (LA) and 2 transverse acoustic (TA) branches as
well as Nu – 1 longitudinal optical (LO) and 2ðNu  1Þ transverse optical (TO) branches, where Nu denotes the number
of atoms per unit cell. For example, GaAs has two atoms per
unit cell, i.e., Nu ¼ 2.
The lattice vibrations lead to a perturbation of the carriers and thus carrier scattering. Depending on the mechanisms, there are different types of phonon scattering. Nonpolar phonon scattering occurs in all crystals and is due to
acoustic and (for Nu 2) TO phonons. Here, the lattice

FIG. 12. Schematic illustration of the dispersion relation for an acoustic and
optical phonon branch. This simplified example corresponds to a onedimensional lattice with Nu ¼ 2 and lattice constant a.

vibrations lead to a time dependent change of the conduction
(and valence) band energy. Polar scattering only occurs in
polar semiconductors, e.g., III–V semiconductors such as
GaAs. It is due to LO phonons, where the out-of-phase
movement of the neighbouring atoms of different types
causes a local dipole moment, resulting in oscillating electric
fields. Covalent semiconductors such as group IV materials
do not exhibit polar scattering.
The dominant phonon scattering mechanism in QCLs is
due to LO phonons. Since the optical phonon deformation
potential approaches zero at the conduction band C point due
to spherical symmetry, TO phonon scattering is negligible
for the C valley; it can however play a significant role for
intervalley transitions and intravalley scattering in the X and
valence band C minimum.133–135 Also acoustic phonons tend
to play a secondary role in QCLs.136
1. Non-polar phonon scattering

Non-polar phonon scattering occurs in all crystals and is
due to acoustic and (for Nu 2) TO phonons. The energy of
the vibrating atom is the sum of its potential and kinetic
energy, which is equal to twice its average kinetic energy.
Thus, the total energy of the vibrational mode becomes for
u ¼ U sinðQx  xQ tÞ
1
E ¼ Na mhj@t uj2 it ¼ Na mU 2 x2Q ;
2

(63)

where the number of atoms with mass m in a crystal lattice
of volume Xc and density qc is Na ¼ Xc qc =m. Thus, we
obtain the amplitude for a mode occupied by a single phonon
of energy E ¼ hxQ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2h
U¼
:
Xc qc xQ

(64)

a. Acoustic phonons. Since phonon confinement does
not play an important role for the cascade structures (see discussion in Sec. VI B 2), scattering from bulk phonons obeying Bose distribution is considered. Lawaetz has shown in
Ref. 137 that the deformation potential method of Bardeen
and Shockley138 may be applied to the scattering of electrons
with acoustic phonons. This method is basically a Taylor
expansion of the scattering potential in the phonon momentum Q. In the case of vanishing screening, Kittel and Fong
derive in Ref. 139 the change of the electronic energy in lowest order of the lattice deformation. Since for acoustic phonons, adjacent atoms move in the same direction, regions of
compression or dilatation extend over several lattice sites,
and the crystal can be described as an elastic continuum. The
resulting strain gives rise to a time dependent change of the
conduction band energy V ¼ dVc . The corresponding constant of proportionality is the deformation potential N (for
valleys without rotational symmetry, N becomes a tensor),
i.e., V ¼ Nru for small displacements.61 We obtain

V ¼ NQU cosðQx  xQ tÞ;

(65)
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i.e., only LA phonons contribute since QU ¼ 0 for transverse
phonons. For acoustic phonons, we have xQ ¼ 0 for
Q ¼ jQj ¼ 0, and the dispersion relation can be described by
the linear approximation xQ ¼ vs Q for small Q, where vs is
the longitudinal sound velocity (see Fig. 12). With Eq. (64),
the perturbation potential is thus
V ¼ MðQÞ exp½iðQx  xQ tÞ þ exp½iðQx  xQ tÞ ;
(66)
with the amplitude
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hQ2
hQ
:
MðQÞ ¼ N
¼N
2Xc qc xQ
2Xc qc vs

MðQÞ
¼
S

ð



0



2

exp i k6q  k r d

S

rF6
ji ðqz Þ;

d½Ej;k7q  Eik 6 hxQ d3 Q:

(68)

NQ

kB T L
hxQ

NQ þ 1

4p3 kB TL
jFji ðqz Þj2
Xc qc v2s Sh

 

d k 7 q  k0 d Ejk0  Eik :

1

wj ðzÞexpð6iqz zÞwi ðzÞdz:

(69)

For bound states, wi;j can be chosen to be real, and we
2
2
2

have jFþ
ji ðqz Þj ¼ jFji ðqz Þj ¼ jFji ðqz Þj . The scattering rate
obtained from Eq. (58) is thus


ð2pÞ3
1 1
6
NQ þ 6 jMðQÞj2 jFji ðqz Þj2
Wik;jk0 ðQÞ ¼
hS

2 2



0 
d k7q  k d Ejk0  Eik 6hxQ ;

þ

where Wik;jk
0 and W
ik;jk0 refer to emission
Ð and absorption,
respectively. Here, we have used that j S exp½iðk6q  k0 Þr
d2 rj2 can be approximated by 4p2 Sdðk7q  k0 Þ for sufficiently large in-plane cross sections S. Since M(Q) refers to a
single phonon, the phonon occupation number of a mode in
thermal equilibrium has been added in Eq. (70), given by the
Bose-Einstein distribution

 

1
hxQ
1 :
NQ ¼ exp
kB T L

(71)

For emission, the factor NQ þ 1 is used to also include spontaneous emission processes.
The total transition rate from a given initial state jiki to
a subband j is obtained by summing over all wave vectors k0
and Q. These sums can be converted to integrals using Eqs.
(61) and (62). With Eqs. (67) and (70), we thus obtain the

kB TL mj

ð1

4pqc v2s h3

jFji ðqz Þj2 dqz :

(75)

1

The final wave vector magnitude k0 is then given by Eq. (59).
With Eq. (69), we obtain
ð1
ð1
jFji ðqz Þj2 dqz ¼ 2p
jwj ðzÞj2 jwi ðzÞj2 dz:
(76)
1

1

Thus, the total transition rate is given by
Wik;j ¼

(70)

(74)

6
With Eqs. (61) and (62), we furthermore obtain Wik;j
ðQ Þ ¼ 0
for Ej > Eik , and otherwise
k

¼

(73)

6
2
Wik;jk
0 ðQ Þ ¼ N

6
Wik;j
¼ N2

ð1

kB T L
;
hvs Q

for all but the lowest temperatures, which is referred to as
equipartition approximation. Thus, we obtain

with the form factor
F6
ji ðqz Þ

(72)

Since acoustic phonons do not carry much energy, often
the quasi-elastic approximation is applied, treating acoustic
phonon scattering as elastic process. This is achieved by
neglecting the phonon energy term 6hxQ in Eqs. (70) and
(72). Besides, we can approximate Eq. (71) as

(67)

Equation (58) gives the transition rate for an electron in
an initial state jiki, which is scattered to a final state j with a
wave vector k0 by a phonon with wave vector Q ¼ ½q; qz T ,
where q corresponds to the in-plane component. Using the
definition of the three-dimensional wave functions in Eq. (2),
the corresponding matrix element of the perturbation potential Eq. (66) is with Eq. (56) given by
6
Vjk
0
;ik

total transition rate from a given initial state jiki to a subband j132

ð 
N2
1 1
6
Q NQ þ 6 jFji ðqz Þj2
Wik;j
¼ 2
8p qc vs
2 2

kð
k T m 1
2 B L j
N
qc v2s h3 1

jwj ðzÞj2 jwi ðzÞj2 dz;

(77)

which includes both emission and absorption and thus contains an additional factor of 2.
b. Transverse optical phonons. Transverse optical phonons are treated in a similar manner as acoustic phonons.
Here, adjacent atoms move in opposite directions. Thus, the
crystal vibrations cannot be described as an elastic continuum as for acoustic phonons, but correspond rather to oscillations of the two sublattices with respect to each other. As a
consequence, the potential change is directly a function of
the displacement vector u, dVc ¼ DTO u ¼ DTO u. Here, DTO
is the optical deformation potential field which assumes a
different value for different kinds of intra- and intervalley
transitions, and DTO is the component parallel to u. For optical phonons, xQ reaches an extremum xQ ¼ xTO for Q ¼ 0,
and for small Q, the dispersion relation can thus be approximated by xQ ¼ xTO (see Fig. 12). The scattering rate for an
electron from an initial state jiki to a final state jjk0 i due to
phonons with wave vector Q is again given by Eq. (70), with
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sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h
MðQÞ ¼ DTO
:
2Xc qc xTO

(78)

J ðqÞ ¼

In analogy to Eq. (72), we obtain the total transition rate

ð
D2TO
1 1
6
NQ þ 6 jFji ðqz Þj2
Wik;j ¼ 2
8p qc xTO
2 2
3

d½Ej;k7q  Eik 6hxTO d Q:

6
and Wik;j
¼ 0 otherwise. Here,

p
q

ð ð1

wj ðzÞwj ðz0 Þwi ðzÞwi ðz0 Þ


exp qjz  z0 j dzdz0
1

(83)

with the in-plane phonon wave vector magnitude
(79)

Approximating xQ ¼ xTO , the phonon number NQ in Eq.
(79) does not depend on Q, and thus we can set NQ ¼ NPh.
With Eq. (76), the result then simplifies to

k 
D2TO mj
1 1
6
NPh þ 6
Wik;j ¼
2 2
2qc xTO h2
ð1
jwj ðzÞj2 jwi ðzÞj2 dz;
(80)
1

for Ej  Eik 7
hxTO , and becomes 0 otherwise.
2. Longitudinal optical phonons

As for TO phonons, adjacent atoms move in opposite
directions for LO phonons. Again the dispersion relation can
be approximated with a constant value xQ ¼ xLO for small
Q (see Fig. 12), where hxLO is the LO phonon energy at
Q ¼ 0. Polar semiconductors contain different types of atoms
carrying effective charges. For two different atoms with
masses mA and mB in a unit cell, these effective charges are
1
1 61
Here,
given by 6qeff with q2eff ¼ 0 x2LO ln1
c ðr;1  r;0 Þ.
1
1
1
l ¼ mA þ mB is the inverse reduced mass, and nc is the
number of cells per unit volume. Furthermore, r;0 denotes
the static dielectric constant and r;1 is the dielectric constant at very high frequencies where the ions cannot respond
to a field anymore and thus only the electronic polarization
remains. For LO waves, the out-of-phase movement of the
atoms causes a local dipole moment pðtÞ ¼ qeff uðtÞ, where
u ¼ U sinðQx  xQ tÞ now indicates the relative displacement of the atoms in the unit cell; by contrast, transverse
waves do not generate dipoles. The amplitude for excitation
by a single phonon is given by Eq. (64) where qc is replaced
by lnc. The resulting ionic polarization is Pion ¼ pnc , and
the electric field E can be obtained from the material equation D ¼ 0 E þ Pion with D 5 0 Ðdue to the absence of free
carriers. With the potential V ¼ e Edx, the resulting scattering rate from a state jiki to jjk0 i is again given by Eq. (70),
where
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

r2
1
hxLO
1
1
1
:
(81)
e 0 r;1  r;0
MðQÞ ¼
Xc
2Q
The total transition rate from a given initial state jiki to
a subband j is again obtained by summing over all wave vectors k0 and Q, using Eqs. (61) and (62). For Ej  Eik 7hxLO ,
we obtain
ð
k

mj xLO e2  1
1 1 2p
6
1
6
¼



þ
J ðqÞdh;
Wik;j
N
Ph
r;0
2 2 0
8p2 
h2 0 r;1
(82)

q ¼ ðk2 þ k02  2kk0 coshÞ

1=2

;

(84)

where k0 is given by Eq. (60) with x0 ¼ xLO .
a. Corrections due to screening, hot phonons, phonon
modes, and lattice heating. In a heterostructure, the assump-

tion of bulk phonon modes is justified for acoustic phonons,
but not necessarily for LO phonons. The LO phonon modes
arising from different dielectric constants in the well and barrier material can be described by microscopic and macroscopic approaches. The macroscopic dielectric continuum
model, which is widely used in this context, yields slab
modes which are confined in each layer, and interface modes
corresponding to exponential solutions around the interfaces.140 However, it has been shown that the bulk mode
approximation is valid for most QCL designs.48,101
Specifically, for not too different compositions of the barrier
and well material and thus similar values of r;0 , the use of
bulk modes is a good approximation.101
Screening can be included by changing Eq. (81) to141,142
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

r2
Q
hxLO
1
1
 e 0 1
MðQÞ ¼  2
; (85)
r;1  r;0
Xc
2 Q þ q2s
screening
length. For Eq. (83), we
where qs is the inverse
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
then obtain with q~ ¼ q2 þ q2s
ðð


p 1 
wj ðzÞwj ðz0 Þwi ðzÞwi ðz0 Þexp ~
J ðqÞ ¼
q jz  z0 j
q~ 1
!
jz  z0 jq2s
q2s
 2 dzdz0 :
(86)
1
2~
q
2~
q
The simplest model is to use Debye screening with the bulk
inverse Debye screening length
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ne e2
;
qs ¼
0 r;0 kB TL

(87)

where ne is the averaged three-dimensional electron density.
However, Debye screening is generally only valid for high
temperatures,143 since qs diverges for TL ! 0.
Deviations from the equilibrium phonon distribution
Eq. (71) due to phonon emission and absorption in the heterostructure, also referred to as hot phonons, are frequently
considered in simulations.104,144 The hot phonon effect is
commonly incorporated by using a relaxation time approach,
describing the decay of LO phonons into other phonon
modes by a corresponding lifetime.145

011307-22

C. Jirauschek and T. Kubis

Appl. Phys. Rev. 1, 011307 (2014)

Typically, in simulations it is assumed that the lattice
temperature of the gain medium is identical to a given heat
sink temperature or to the room temperature. However, this
approximation is only legitimate for pulsed operation at low
duty cycle, and generally fails for continuous wave operation.146 Lattice heating due to the dissipated electrical power
can be self-consistently modeled by coupled carrier transport
and thermal simulations,147,148 yielding the actual temperature
profile. The temperature distribution is computed by solving
the heat diffusion equation, where the heat generation rate is
obtained from the carrier transport simulation based on the
dissipated electrical power or the LO phonon scattering rate.

Electron-electron scattering is sensitive with respect to the
spin. Furthermore, screening has to be considered, caused by
the response of the other electrons to changes in the electrostatic field associated with the scattering process. Often, only
scattering of electron pairs with antiparallel spin is considered, since the contribution of carriers with parallel spin is
smaller.141,153 Furthermore, basic models consider screening
by a constant screening wave number qs. For the transition
matrix element Mii0 jj0 , we then obtain

C. Electron-electron scattering

where the factor q=ðq þ qs Þ corrects the bare Coulomb matrix element for screening effects, and the factor 1/2 arises
from neglecting parallel spin contributions. From energy
conservation, we obtain for the exchanged wave vector with
g ¼ jgj and g20 ¼ 4m ðEi þ Ei0  Ej  Ej0 Þ=h2

Electron-electron scattering arises from the collision of
electrons with other electrons. More precisely, this scattering
mechanism can be divided into two main contributions, the
short-range interaction between two electrons via the
screened Coulomb potential and the long-range electronplasmon coupling.149 The latter is usually neglected in QCL
simulations and is also not considered here, since it only
becomes relevant at elevated doping levels.
Many-electron effects are to lowest order already considered in the Poisson equation, Eq. (20), corresponding to a
mean field treatment of charges. In the semiclassical treatment, an inclusion of higher order effects is obtained by corresponding scattering rates. Electron-electron scattering is
much more computationally demanding than the singleelectron processes, hampering its inclusion in quantum mechanical simulations of QCLs beyond the mean-field
approximation.118
In semiclassical simulations, electron-electron scattering
is typically implemented as a two-electron process.141,150 An
electron in an initial state jiki scatters to a final state jjk0 i,
accompanied by a transition of a second electron from a state
ji0 k0 i to jj0 k00 i. Nonparabolicity effects have for example
been considered by Bonno and Thobel.55 To facilitate the
treatment, we assume here an identical mass m* for all subbands. The total scattering rate from jiki to a subband j is
then obtained as141,150
Wik;j

ð 2p
m X
¼
fi0 ðk0 Þ dhjMii0 jj0 ðqÞj2 ;
4p
h3 S i0 ;j0 ;k0
0

(88)

with the in-plane cross section area S and carrier distribution
function fi0 ðk0 Þ for the state ji0 k0 i. h is the angle between
g ¼ k0  k and g0 ¼ k00  k0 , and q ¼ k  k0 (with q ¼ jqj)
denotes the exchanged wave vector. For the definition of the
Coulomb matrix element, different conventions exist.141,151
Here, we use the widely employed convention of Goodnick
and Lugli,110,141,150,152 where the bare Coulomb matrix element is with  ¼ 0 r;0 given by
Viib0 jj0 ðqÞ ¼

e2
2q

ð1

ð1

dz0 ½wi ðzÞwi0 ðz0 Þ
1
1


wj ðzÞwj0 ðz0 Þexp qjz  z0 j :
dz

(89)


2

1  q
b
jMii0 jj0 ðqÞj ¼ 
Vii0 jj0 ðqÞ ;
2 q þ qs
2

1
q ¼ ½2g2 þ g20  2gðg2 þ g20 Þ1=2 cosh1=2 :
2

(90)

(91)

A frequently used basic screening model is the single subband screening approximation, assuming that most electrons
in each period reside in a single subband i, corresponding to
the ground state. The obtained screening wave number is
then110,152
qs ¼

e2 m 
f i ðk ¼ 0 Þ:
2 ph2

(92)

1. Advanced spin and screening models

Advanced implementations of spin and screening effects
have been developed for a more accurate description of
electron-electron scattering.68 Screening models with varying degrees of sophistication are employed to obtain the
screened Coulomb matrix elements Viis 0 jj0 from Viib0 jj0 in Eq.
(89). In the random phase approximation (RPA), Viis 0 jj0 ðqÞ is
found by solving the equation system154
X
b
s
Viis 0 jj0 ¼ Viib0 jj0 þ
Vimjn
Pmn Vmi
:
(93)
0 nj0
mn

Here, Pmn ðqÞ is the polarizability tensor, given in the long
wavelength limit ðq ! 0Þ by
8 s
nm  nsn
>
>
; m 6¼ n;
<
Em  En
(94)
Pmn ¼
>
m
>
:  2 fn ð0Þ; m ¼ n:
ph
Commonly, simplified screening models using a constant
screening wave number qs are employed to avoid the numerical load associated with solving Eq. (93).110,152 Viis 0 jj0 is then
obtained by replacing the prefactor e2 =ð2qÞ in Eq. (89) by
e2 =½2ðq þ qs Þ. This implementation is also used in Eq.
(90). The single subband screening model, Eq. (92), can be
obtained from Eq. (93) by assuming that most of the electrons reside in a single subband, and screening is caused only
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by this subband.110,152 A somewhat improved approach
which considers all subbands equally is the modified single
subband model152 with
qs ¼

e2 m  X
fi ðk ¼ 0Þ;
2 ph2 i

(95)

where i sums over the subbands in one period. An alternative
approach consists in treating intersubband scattering as
unscreened, thus applying Eq. (95) only to the intrasubband
matrix elements.46
For collisions of electrons with parallel spin, interference
occurs between Viis 0 jj0 and the “exchange” matrix element
Viis 0 j0 j .153 Accounting for this exchange effect, we obtain150,153



pa
jMii0 jj0 j2 ¼ ½jViis 0 jj0 ðq Þj2 þ jViis 0 j0 j qþ j2 
2
 
pp
þ jViis 0 jj0 ðq Þ  Viis 0 j0 j qþ j2 ;
2

(96)

where
1
q6 ¼ ½2g2 þ g20 62gðg2 þ g20 Þ1=2 cos h1=2 ;
2

(97)

and pa ¼ pp ¼ 1/2 are the probabilities for antiparallel and
parallel spin collisions, respectively. There are two common
approaches to implement electron-electron scattering without
explicitly considering the spin dependence. One method
which has been used in Eq. (90) is to completely neglect the
parallel spin collisions,141,153 implying pa ¼ 1/2, pp ¼ 0 in
Eq. (96). This approach tends to overestimate the exchange
effect. Another common method is to ignore the exchange
effect, i.e., parallel spin collisions are treated the same way
as antiparallel spin contributions.153 This corresponds to
pa ¼ 1, pp ¼ 0 in Eq. (96).
Figure 13 contains EMC simulations of the gain spectra
for different implementations of screening and spin effects.68
In Fig. 13(a), the exchange effect is fully included, but different screening models are employed. The reference curve
is based on the exact evaluation of the RPA (solid curve).
Applying the simplified screening model Eq. (95) to all matrix elements overestimates the screening of the intersubband
elements, thus leading to an underestimation of scattering.
The resulting spectral gain profile (dashed curve) features an
excessively narrow gain bandwidth and enhanced peak gain.
On the other hand, completely ignoring the screening effect
for the intersubband matrix elements overestimates the intersubband scattering, thus resulting in a lowered and broadened gain profile (dotted curve). In Fig. 13(b), screening is
included in the RPA. Results are shown for pa ¼ pp ¼ 1/2
(solid curve), pa ¼ 1, pp ¼ 0 (dotted curve), pa ¼ 1/2, pp ¼ 0
(dashed curve), and pa ¼ pp ¼ 0 (dashed-dotted curve). The
last case, which corresponds to completely neglecting
electron-electron scattering in the simulation, yields two narrow gain spikes at around 2.8 and 3.6 THz, largely deviating
from the experimental electroluminescence measurements.69
Ignoring the exchange effect (dotted curve) leads to an overestimation of the scattering, and thus a reduced peak gain
and increased gain bandwidth. On the other hand, completely

FIG. 13. EMC simulation results for the spectral gain vs. frequency of a
bound-to-continuum terahertz QCL69 at a lattice temperature TL ¼ 10 K. (a)
Comparison of different screening models: RPA (solid curve), modified single subband model for all matrix elements (dashed curve) or for the intrasubband elements only (dotted curve), thus treating intersubband elements as
unscreened. (b) Comparison of different spin implementations. Shown are
results for fully taking into account (solid curve) and ignoring the exchange
effect (dotted curve), and ignoring parallel spin collisions (dashed curve).
For comparison, the result obtained with no electron-electron scattering is
also displayed (dashed-dotted curve). Reprinted with permission from J.
Appl. Phys. 107, 013104 (2010). Copyright 2010 AIP Publishing LLC.68

neglecting parallel spin collisions (dashed curve) leads to an
underestimation of scattering and thus an enhanced peak
gain.
D. Elastic scattering processes

Impurity scattering has been shown to play an important
role in QCLs,102,143,151 where it is often the dominant elastic
scattering process. Also interface roughness can have a considerable impact on QCL operation.107,155–157 Alloy scattering
occurs in semiconductor alloys such as AlGaAs and other ternary materials, and, usually, only has to be considered for the
well material since the wave functions are largely localized in
the wells.36 For elastic intrasubband scattering in the conduction band C valley, we have k ¼ k0 due to energy conservation, i.e., elastic intrasubband scattering does not affect the
carrier distribution due to in-plane isotropy.
1. Impurity scattering

Impurity scattering in QCLs arises from the doping, e.g.,
the ionized donors in the heterostructure. Charged impurities
are to lowest order already considered in the Poisson equation, Eq. (20), corresponding to a mean field treatment of
charges. An inclusion of higher order effects is in the semiclassical treatment obtained by corresponding scattering
rates. The perturbation potential due to a charged impurity at
position ðx0 ; y0 ; z0 ÞT is with r0 ¼ ðx0 ; y0 ÞT and  ¼ 0 r;0 given
by the Coulomb potential

1=2
1
:
V ¼ ð4pÞ e2 jr  r0 j2 þ jz  z0 j2

(98)

For the definition of the corresponding matrix element, various conventions exist.151,152 In analogy to Eq. (89) for
electron-electron scattering, we define the bare matrix element as152
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wi ðzÞwj ðzÞexp qjz  z0 j dz: (99)

The scattering rate is obtained from Eq. (57) as
ð


2p
jVijb ðz0 ; qÞj2 nD ðz0 Þdz0 d Ejk0  Eik
Wik;jk0 ¼
S
h


pe4
¼
Fij ðqÞd Ejk0  Eik ;
2
2
2S 
hq

(100)

with the form factor
ð
Fij ðqÞ ¼ dz0 nD ðz0 Þ
ð 1
1

2
wi ðzÞwj ðzÞexpðqjz  z0 jÞdz :

(101)

Here, we have summed over the donors to include the effect
ofÐ all ionized impurities, corresponding to an integration
S …nD ðzÞdz, with the doping concentration nD ðzÞ.
Furthermore, an additional factor S2 has been added since
the prefactor S1 is omitted in Eq. (99). Due to energy conservation Eik ¼ Ejk0 , the final wave vector magnitude k0 is
given by Eq. (59).
The total transition rate from a given initial state jiki to
a subband j is found by summing over all final wave vectors
k0 using Eq. (61). We obtain54,152
Wik;j ¼

k

ðp

4p2 h3

0

m j e4

Fij ðqÞ
dh;
q2

(102)
1=2

with qðhÞ ¼ jk  k0 j ¼ ðk2 þ k02  2kk0 cos hÞ . With Eq.
(59), this yields
20
31=2
1
0
1
k

k

mj
mj
6
qðhÞ ¼ 4@1 þ k Ak2 þ q20  2k@ k k2 þ q20 A
mi
mi

1=2

7
cos h5

;

(103)
k

where q20 ¼ 2mj ðEi  Ej Þ=h2 . Values of h resulting in complex qðhÞ should be excluded from the integration in Eq.
(102) since scattering is then impossible.
a. Screening. As for electron-electron scattering discussed in Sec. VI C, the random phase approximation can
also be used to obtain the screened matrix elements Vijs ðz0 ; qÞ
for impurity scattering from the bare elements, Vijb ðz0 ; qÞ in
Eq. (99). We obtain151,152

Vijs ¼ Vijb þ

X

b
s
Vimjn
Pmn Vmn
;

(104)

mn
b
and Pmn defined in Eqs. (89) and (94), respecwith Vimjn
tively. In Eq. (100), Vijb ðz0 ; qÞ has then to be replaced by
Vijs ðz0 ; qÞ, and also Eq. (102) has to be changed correspondingly. As for electron-electron scattering, also here often
simplified screening models using a constant screening wave
number qs are employed to avoid the numerical load

associated with solving Eq. (104).54,151 Common models to
handle screening are the model of Brooks and Herring158
and the model of Conwell and Weisskopf.159 While the
model of Conwell and Weisskopf is based on a
Rutherford-like scattering of electrons on bare Coulomb
potentials with a cut-off radius, Brooks and Herring describe
the impurity potential as being screened by free carriers.
This latter approach is valid, if the constant screening length
is much larger than the electronic wave length, which
requires high temperatures and low carrier densities. For
higher densities and low temperatures, the incorporation of
more realistic screening has been shown to be essential,160
whereas the limit of negligible free carrier screening is better
described by the approach of Conwell and Weisskopf.149 A
detailed overview of the various refinements to the approach
of Brooks and Herring has been given in Ref. 161. Electron
scattering from screened impurities due to Brooks and
Herring will be discussed in more detail in Sec. VIII D 3.
2. Interface roughness scattering

It has been shown that scattering from rough interfaces
can change the QCL performance significantly.107,155–157
There are two fundamentally different models for the interface roughness scattering in literature. In the first model,
rough interfaces of quantum wells cause fluctuating well
widths and fluctuating confinement energies of resonant
states. In this model, the scattering potential is identified
with the change of the well eigenenergies.162,163 In the second model, fluctuations of the band offset yields the scattering potential.164,165 The latter model may be favored for
generality, since it does not require the existence of confined
states, nor the distinguishability of level broadening by rough
interfaces from other mechanisms. Nag has shown in Ref.
166 that both models agree well for quantum wells of various
dimensions and materials. Thus, we consider interface
roughness scattering due to the imperfections in the interface
between the barrier and well material in the heterostructure,
causing a local deviation of the interface Dð x; yÞ ¼ DðrÞ
from its average position z0 as illustrated in Fig. 14. Since it
is not feasible to measure DðrÞ directly, the interface roughness is characterized by its standard deviation D and correlation length K. Typically, a Gaussian autocorrelation function
is assumed162
ð
1
hDðrÞDðr0 Þi ¼
DðrÞDðr þ dÞd2 r
S


d2
2
(105)
¼ D exp  2 ;
K
with d ¼ r0  r. A change DðrÞ of the interface position corresponds to a perturbing potential
V ¼ 6Vo H ðz  z0 Þ  H ðz  z0  DðrÞÞ ;

(106)

where z0 and Vo are the average interface position and the
band offset, respectively. The “þ” (“–”) sign is obtained if
the barrier (well) is located at z < z0 . Furthermore, H denotes
the Heaviside step function. Since DðrÞ is small, i.e., on the
order of a monolayer, we can approximate wi;j ðz0 þ DðrÞÞ
wi;j ðz0 Þ. Thus, we obtain with Eq. (55)
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FIG. 14. Interface between two heterostructure layers consisting of different
materials. The local deviation from a perfect interface due to roughness is
expressed by Dð x; yÞ.

Vjk0 ;ik ¼ 6

ð
Vo
wi ðz0 Þwj ðz0 Þ d2 rDðrÞexpðiqrÞ;
S

(107)

and
jVjk0 ;ik j2 ¼

Vo2
jw ðz0 Þw ðz0 Þj2
S2 i  j

ð
ð
d2 d expðiqdÞ d2 rDðrÞDðr þ dÞ ;

(108)

with q ¼ k  k0 . Assuming a Gaussian autocorrelation Eq.
(105), we obtain from Eq. (57) the scattering rate
Wik;jk0 ¼

2p2 2 2 2 X
V DK
jwi ðzn Þwj ðzn Þj2
hS o

n



1 2 2 
exp  K q d Ejk0  Eik ;
4

(109)

where we additionally sum over all interfaces, located at
positions zn. Due to the energy conservation Eik ¼ Ejk0 , the
final wave vector magnitude k0 is given by Eq. (59).
The total transition rate from a given initial state jiki to
a subband j is found by summing over all final wave vectors
k0 using Eq. (61). We obtain
k

Wik;j ¼

mj

3

h


Vo2 D2 K2

ðp
0

X

jwi ðzn Þwj ðzn Þj2

n



 
1 2 2
dh exp  K q H q2 ;
4

(110)

where qðhÞ is again given by Eq. (103), and values of h with
q2 < 0 should be excluded from the integration since then
scattering cannot occur.
The characterization of interface roughness by the parameters K and D is somewhat phenomenological, since it is
difficult to directly extract them from experimental measurements of the interface profile. Rather, they are typically
chosen to reproduce the measured optical transition linewidths.167 For GaAs-based terahertz QCLs, frequently used
values are K 10 nm and D 0:1 nm.143,155 In Fig. 15,
EMC simulation results for the gain profile are shown for
two different types of terahertz QCLs.107 In addition to scattering of electrons with phonons, impurities, and other electrons, interface roughness scattering with different values of

FIG. 15. Simulation results for the spectral gain vs. frequency, as obtained
for a correlation length K ¼ 10 nm and different values of the interface
roughness mean height D. (a) 3.4 THz resonant phonon depopulation structure; (b) 3.5 THz bound-to-continuum structure. Reprinted with permission
from J. Appl. Phys. 105, 123102 (2009). Copyright 2009 AIP Publishing
LLC.107

the interface roughness mean height has been considered.
Results are shown for D ¼ 0 (no interface roughness scattering), 0.12 nm and 0.3 nm (corresponding to one monolayer
of GaAs). Depending on the assumed value of D, interface
roughness can lead to considerable broadening of the gain
profile and reduction in the peak gain. The phonon depopulation structure in Fig. 15(a) is less sensitive to interface
roughness than the bound-to-continuum structure in Fig.
15(b), since the wave functions in the minibands of the latter
structure are less localized and thus extend across more
interfaces.

3. Alloy scattering

In a ternary semiconductor alloy AxB1–xC such as
AlxGa1–xAs, the A and B atoms are randomly distributed on
the corresponding lattice sites. Thus, for a zinc-blende structure, each unit cell contains an atom of type A or B and an
atom of type C. The potential in the semiconductor is then
given by36,168
X
Vc ðxÞ ¼
V n ð x  x n Þ;
(111)
n

where xn denotes the position of unit cell n. Furthermore,
Vn ¼ VAC (Vn ¼ VBC) if the unit cell contains an atom of type
A (B), where VAC and VBC are the potentials of the binary
materials AC and BC. The conduction band profile of alloys
is typically considered in virtual crystal approximation,
obtained by averaging over the contributions of the two alloy
materials AC and BC,
Vc;VCA ¼

X

xVAC ðx  xn Þ þ ð1  xÞVBC ðx  xn Þ : (112)

n

The perturbing potential corresponds then to the difference
between the real conduction band energy Vc ðxÞ and Vc,VCA
obtained by the virtual crystal approximation
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cn dV ðx  xn Þ;

(113)

n

with dV ðxÞ ¼ VAC ðxÞ  VBC ðxÞ and cn ¼ ð1  xÞ ðcn ¼ xÞ
if the unit cell contains an atom of type A (B).
The scattering potential dV is effective within the unit
cell, and also screening effects are usually neglected due to
the short-range nature of the scattering potential.36 Thus, on
the scale of the envelope functions wðxÞ which are slowly
varying on the atomic scale, dV can be modeled as a d function potential36
dV ðxÞ ¼ dVX0 dðxÞ;

(114)

where X0 denotes the unit cell volume, given by X0 ¼ a3 =4
for a zinc-blende structure with lattice constant a.
Furthermore, dV is the alloy scattering potential, which
approximately corresponds to the conduction band offset of
the binary materials involved, if they are not strongly latticemismatched.36 Generally, however, dV deviates from the
conduction band differences,156 and should be estimated
from empirical tightbinding parameters.169–172 Using Eqs.
(113) and (114), the matrix element Eq. (55) becomes with
q ¼ k  k0
X
Vjk0 ;ik ¼ S1 dVX0
cn wj ðzn Þwi ðzn Þexpðiqrn Þ;
(115)

Wik;j ¼

k
mj h3

ð1
1

2
X0 ðdV Þ xð1  xÞjwj wi j2 dz

(119)

for Ej < Eik , and 0 otherwise.

E. Self-consistent rate equation approach

In the self-consistent rate equation approach, the intersubband scattering rates in the rate equation Eq. (36) or Eq.
(37) are self-consistently determined based on the corresponding Hamiltonian. Thus, this approach only relies on
well known material parameters such as the effective mass,
and not on experimental or empirical lifetimes as in Sec.
V A. Offering a compromise between accuracy and predictive power on the one hand and relative numerical efficiency
on the other hand, the self-consistent rate equation approach
is widely used for the simulation of QCLs.67,77,91–93,173
Although extensions of the self-consistent rate equation
approach to include the light field have been presented,77 the
optical cavity field is neglected in most cases. Such simulations yield the unsaturated population inversion or gain, indicating if lasing can start at all, but giving no information
about the actual lasing operation.

n

1. Intersubband scattering rates

and the square modulus is given by
XX
fcn cm exp iqðrn  rm Þ
jVjk0 ;ik j2 ¼ S2 ðdVX0 Þ2
n

m

wj ðzn Þwj ðzm Þwi ðzn Þwi ðzm Þg:

(116)

For calculating the average of jVjk0 ;ik j2 , the expectation value
hcn cm i must be determined. Each unit cell has the probability
x of containing an atom of type A, and 1 – x of containing an
atom of type B. Thus, we obtain hcn cm i ¼ 0 for m 6¼ n and
replacing the sum
hcn cm i ¼ xð1  xÞ for m ¼ n. Furthermore
P
overÐ the unit cell Ðpositions
f
z
xn ð n Þ by an integral
1
3
x
¼
X
S
f
z
we
obtain
f
z
X1
ð
Þdz,
ð
Þd
0
0
2

hjVjk0 ;ik j2 i ¼ S1 X0 ðdV Þ xð1  xÞ
ð1
jwj ðzÞwi ðzÞj2 dz:

(117)

1

From Eq. (57), we obtain the scattering rate
Wik;jk0 ¼

1

2

X0 ðdV Þ xð1  xÞjwj wi j2 dz;

where EFi is here a “quasi” Fermi energy describing the
kinetic energy distribution of the electrons within the subband i,132 and Ti is the associated electron temperature.
Furthermore, nEi is the density of states per unit area and
k
energy in a 2D system,61 and Eik ¼ Ei þ h2 k2 =ð2mi Þ is the
energy of the electrons in subband i with an in-plane wave
vector k. The scattering rate from an initial subband i to a
final subband j is then obtained by averaging over the carrier
distribution. Assuming a Fermi-Dirac distribution in the initial and final state, we obtain132
ð1
ðmÞ
fiFD ðEÞWik;j dE
ð mÞ
E
:
(121)
ðsij Þ1 ¼ ið 1
fiFD ðEÞdE
Ei


2p 
d E 0  Eik
hSð jk
1

The number of electrons per unit energy and area in a
thermalized subband i of a 2D system is given by nEi fiFD with
the Fermi-Dirac distribution


1
;
(120)
fiFD ðEik Þ ¼ exp Eik  EFi =ðkB Ti Þ þ 1

(118)

where X0 ðzÞ; dV ðzÞ, and xðzÞ have been taken into the integral to account for varying alloy compositions along the
growth direction z. Due to the energy conservation
Eik ¼ Ejk0 , the final wave vector magnitude k0 is given by
Eq. (59). The total transition rate from a given initial state
jiki to a subband j is with Eq. (61)

Here, nEi has been omitted in the enumerator and denominak
tor because it is constant, nEi ¼ mi =ðph2 Þ for E Ei . The
index m denotes the corresponding scattering mechanism.
ð mÞ
Wik;j is, for example, given by Eqs. (82) and (88) for LO
phonon and electron-electron scattering, respectively. The
total rate is obtained by summing over the individual contributionsP of the different scattering mechanisms, i.e.,
ðmÞ 1
s1
ij ¼
m ðsij Þ .
The sheet density in a subband i, i.e., electron number
per unit area, is given by
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fiFD ðEÞnEi dE

Ei
k
mi kB Ti
2

p
h





 
EFi  Ei
EF  Ei
:
þ ln 1 þ exp  i
kB T i
kB Ti
(122)

Furthermore expressing the carrier energy in terms of the ink
plane wave vector, we obtain with dE ¼ h2 ðmi Þ1 kdk132
ð1
h

i
ð mÞ
k
fiFD Ei þ h2 k2 = 2mi Wik;j kdk
ðmÞ 1
0
ðsij Þ ¼
:
(123)
pnsi
k

An additional factor f1  fjFD ½Ei þ h2 k2 =ð2mi Þ6E0 g can be
included in the integral of Eq. (123), accounting for the final
state blocking due to Pauli’s exclusion principle.132 This correction is only relevant for high doping levels. Here, E0 is 0
for elastic scattering mechanisms and corresponds to the TO
or LO phonon energy for optical phonon absorption (“þ”
sign) and emission (“–” sign), respectively. The Fermi
energy can be calculated from Eq. (122)
"
!
#
nsi ph2
F
1 :
(124)
Ei  Ei ¼ kB Ti ln exp
k
m i kB T i
For lightly doped
semiconductors,
as is often the case in


kB Ti in Eq. (120), which then
QCLs, we have Eik  EFi
approaches a classical Maxwell-Boltzmann distribution


fiMB ðEik Þ ¼ exp  Eik  EFi =ðkB Ti Þ :
(125)
Under this condition, Eq. (123) simplifies to
!
ð1

1
h2

h2 k2
ð mÞ
ð mÞ
Wik;j kdk: (126)
¼ k
exp  k
sij
mi kB Ti 0
2mi kB Ti
Numerically, the integration of Eq. (123) or Eq. (126) is
performed from Ei up to a sufficiently large maximum value,
e.g., the highest value of the simulated potential profile
V ðzÞ.132
2. Rate equations

In the self-consistent rate equation approach, typically
the QCL is modeled as a biased periodic heterostructure,
excluding effects such as domain formation.127 Then the
simulation can be restricted to a single representative period
far away from the contacts, additionally applying periodic
boundary conditions.92 This corresponds to solving Eq. (36)
with the self-consistently calculated scattering rates, Eq.
(123). While Eq. (36) in principle includes the transitions to
all equivalent levels in the different periods, in practice only
scattering between the central period and adjacent periods
has to be considered. Frequently the 1 12 period model is used,
which applies to QCLs where a period consists of an injector
region and an active region.91,92 Here, for the active region
states of the central period, only scattering transitions involving other states of the central period and the right-

neighboring injector region are considered in Eq. (36).
Analogously, for the states of the injector region, only scattering involving states of the central period and the leftneighboring active region are taken into account. Since the
scattering rates Eq. (123) in general depend on the electron
densities nsi , a direct solution of Eq. (36) is not possible, and
an iterative scheme is commonly used. For simulations
without lasing included, i.e., Wijopt ¼ 0 in Eq. (36), setting
dt nsi ¼ 0 yields the steady state solution92
.X
X
nsi ¼
nsj s1
s1
(127)
ji
ij ;
j6¼i

j6¼i

where i ¼ 1::N refers to the central period containing N subbands. The summation index j now only includes subbands in
the central period and adjacent periods, as discussed above.
For subbands outside the central period, the sheet density nsj
of the equivalent level in the central subband is used. For the
numerical computation of the subband populations, initially
identical electron densities nsi ¼ ns =N are assumed. Each iteration involves computing the scattering rates with Eq. (123)
or Eq. (126), calculating the new values for nsi using
Eq. (127), and renormalizing the sheet densities so that
Eq. (38) is fulfilled. Convergence can be accelerated by combining the sheet densities of the previous two iterations,
þ ð1  nÞns;old
, as input for the next iteration,91 where
nns;new
i
i
the relaxation parameter is typically chosen as n ¼ 0:5. The
simulation has converged when the obtained sheet densities
do not significantly change anymore between iterations.
3. Kinetic energy balance method

Since Ti in Eq. (120) is unknown, the scattering rates
[Eq. (123)] have to be evaluated assuming that the electron
temperature in each subband is equivalent to the lattice temperature, Ti ¼ TL. However, the electron temperature can significantly exceed TL in quantum cascade lasers.174 Thus, the
rate equation model has been extended to account for electron heating, typically assuming an identical electron temperature Ti ¼ Te for all subbands.173 The kinetic electron
energy generation rate per period and unit device in-plane
cross section is given by173
RE ¼

N XX
X
i¼1

j

ðmÞ

ðmÞ

nsi ðsij Þ1 ðEi  Ej þ E0 Þ;

(128)

m

where i sums over the subbands of the central period and j
also includes states from adjacent periods, as discussed
above. Furthermore, m sums over the different scattering
ð mÞ
contributions, such as LO phonon emission ðE0 ¼ ELO Þ
ðmÞ
and absorption ðE0 ¼ ELO Þ, elastic scattering mechanisms
ðmÞ
ðE0 ¼ 0Þ and electron-electron scattering. For inelastic
scattering mechanisms such as phonon-induced transitions,
also intrasubband contributions i ¼ j, have to be included.173
Electron-electron scattering is often neglected in Eq. (128)
since the net kinetic energy does not change for the important cases where both electrons stay within their respective
subbands or swap the subbands. Also photon transitions do
not change the kinetic energy for parabolic subbands due to
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k conservation.77 The numerical evaluation proceeds as follows. The average electron temperature corresponds to the
value of Te where RE ¼ 0 in Eq. (128). The rate equation is
self-consistently solved as described above for an initial
ðmÞ
guess of Te, e.g., Te ¼ TL. Based on the obtained nsi and sij ,
E
R in Eq. (128) is calculated. This procedure is repeated and
the guess for Te is iteratively improved until RE 0 is
obtained. Since the assumption of a single effective electron
temperature is not always adequate in QCLs,175 extended
approaches have been developed allowing for different
effective temperatures Ti in the individual subbands.93
F. Ensemble Monte Carlo method

Semiclassically, the carrier transport between states jiki
in a quantum well system is given by the Boltzmann
equation176
X X

dt fik ¼
Wjk0 ;ik fjk0  Wik;jk0 fik ;
(129)
j

k0

P ðmÞ
with the scattering rates Wik;jk0 ¼ m Wik;jk0 , where m sums
over the individual contributions of the different scattering
mechanisms. The distribution function fik ðtÞ represents the
probability of the state jiki being occupied at a given time t.
Eq. (129) corresponds to an extended version of the rate
equations Eq. (36), where i and j have been replaced by ik
and jk0 , respectively. The physical quantities of interest, such
as the sheet densities nsi and current density can be extracted
from fik ðtÞ. For the numerical evaluation of Eq. (129), typically the EMC method is used, which is based on statistical
sampling of the scattering events for a large ensemble of carriers,149 here Ne 104 ::105 electrons. The large number of
carriers considered allows for an extraction of the physical
quantities as function of t by statistical averaging over the
carrier ensemble. Thus, this method is also applicable to
time dependent processes where we cannot use temporal
averaging as for ergodic systems.149 Furthermore, electronelectron scattering can be implemented as a two-electron
process where a second electron is randomly chosen as scattering partner.141
1. Simulation technique

Figure 16 contains a schematic diagram of the EMC
algorithm. The system dynamics is evaluated up to a time
tsim, which must be chosen long enough to ensure convergence to the stationary solution. The simulation is divided
into subintervals Dt , where the scattering dynamics is subsequently evaluated. Dt should be chosen so small that the average electron distribution does not change significantly over
the time interval, but big enough to include several scattering
events per electron on average. Assuming periodic boundary
conditions, we can restrict our simulation to a few periods.
Each electron is characterized by its subband i and in-plane
ð mÞ
wave vector k. All rates Wik;j for the various scattering
mechanisms m are computed and tabulated at the beginning
of the simulation to save computational resources. Here, we
have to introduce a discrete grid for the wave vector. Since
in the conduction band C valley, all states jiki in subband i

FIG. 16. Schematic diagram of the EMC algorithm

with the same value k ¼ jkj are equivalent due to in-plane
isotropy, it is practical to use the kinetic energy Ekin
k
¼ h2 k2 =ð2mi Þ instead. The kinetic energy grid then divides
ðnÞ
the energy axis into segments n of widths DE centered
ð nÞ
k ð nÞ
nÞ
ð
around discrete energies Ekin with k ¼ ð2mi Ekin Þ1=2 =h.
ð mÞ
However, some rates Wik;j , such as Eq. (88), depend on
ð mÞ
the initially unknown carrier distribution itself, i.e., Wik;j
ð mÞ
¼ Wik;j ðtÞ. This problem can be overcome by tabulating an
mÞ
~ ðik;j
upper estimate W
for time dependent scattering rates and
compensating for the too high value by introducing artificial
“self-scattering,” as described further below.
An important quantity is the carrier distribution funcð nÞ
tion, which can directly be obtained from Ni , denoting the
number of simulated electrons in the nth energy cell of subband i at a time t. With the density of states per unit area and
k
energy in a 2D system nEi ¼ mi =ðph2 Þ,61 the number of
ðnÞ
available states in the nth energy cell is nEi DE S. The simulated device in-plane cross section is with the sheet doping
density per period ns given by S ¼ Ne =ðns Np Þ, where Np corresponds to the number of periods over which the Ne simulated electrons are distributed. The carrier distribution
function is then approximately given as
ð Þ
n s N p N i ðt Þ
n

fi ðEkin ; tÞ ¼

ðnÞ

nEi DE Ne

;

(130)

where n indicates the energy cell containing the value Ekin.
Equation (130) can also be expressed as a function of
k
k ¼ ð2mi Ekin Þ1=2 =h. Additional temporal averaging of the
carrier distribution function Eq. (130), for example over a
simulation subinterval Dt , further reduces the fluctuations
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resulting from the treatment of the carriers as discrete
particles.
The simulation is initialized by assigning values i and k
to each electron in the ensemble. Here, in principle arbitrarily chosen values can be used since Eq. (129) will converge
to its stationary solution after a sufficiently long simulation
time tsim independently of the chosen initial conditions.
However, the required tsim to obtain convergence can be
reduced by assuming a suitable initial electron distribution
which is not too far from the converged solution. For example, the carriers can be distributed equally within the subbands, and a thermalized distribution Eq. (125) in each
subband can be assumed. The Monte Carlo method is based
on a stochastic evaluation of the scattering events, assuming
that the electron undergoes scattering after a randomly
selected free flight time tf. For a time independent scattering
rate s1
0 , the free flight time is given by tf ¼ s0 lnðr Þ, where
149
r is a random number evenlyPdistributed
P ðmÞ between 0 and 1.
1
~
Here, we choose s0
m
j W ik;j , corresponding to
an Pupper
bound
for
the
total
outscattering
rate Wik ðtÞ
P ð mÞ
¼ m j Wik;j ðtÞ, where j ¼ i is included in the summations
to account for intrasubband scattering. For each ensemble
electron, the scattering dynamics is evaluated over a simulation subinterval Dt , where the last free flight is continued in
the next subinterval. After each scattering event, the final
subband j of the scattered electron and scattering mechanism
m are randomly selected based on their associated probabilðmÞ
ity s0 Wik;j ðtÞ. The too high amount of scattering assumed is
corrected by introducing artificial
“self-scattering,” which
P P
ðmÞ
occurs with a probability 1  s0 m j Wik;j ðtÞ and does not
149
change the carrier state at all. Pauli’s exclusion principle
can be considered by subsequently rejecting the occurred
scattering event with a probability fjk0 . The final wave vector
magnitude k0 is obtained from Eq. (59) for elastic scattering,
and from Eq. (60) for inelastic processes. Electron-electron
scattering is in EMC typically implemented as a twoelectron process with a randomly selected partner electron
and scattering angle. To conserve energy for each scattering
event individually, also the partner electron has to undergo
scattering, i.e., the final wave vector has to be determined for
both participating electrons.141
The periodic boundary conditions can, for example, be
implemented by simulating three periods, where the Ne electrons are located in the central period, i.e., Np ¼ 1 in
Eq. (130). Electrons scattered to the first or third period are
automatically injected into the equivalent subband of the central period.99 By counting the difference DN of electrons scattered from the central period to the left- and right-neighbouring
period, respectively, over a simulation subinterval Dt , the current density can be computed as
J¼

DN e DN ens Np
¼
:
Dt Ne
Dt S

(131)

level j, which here correspond to states jiki and jjk0 i, respectively. The dipole matrix element then becomes
ð
0
1
exp½iðk0  kÞrd2 r; (132)
dik;jk0 ¼ ehikjzjjk i ¼ dij S
S

with
dij ¼ ehijzjji ¼ e

1

The optical gain and photon-induced transition rate are
given by Eqs. (52) and (54) for a transition from a level i to a

wi ðzÞzwj ðzÞdz;

(133)

and for jdik;jk0 j2 , we obtain
jdik;jk0 j2 ¼ 4p2 jdij j2 S1 dðk0  kÞ:

(134)

Ð
Here, we have used that j S exp½iðk0  kÞrd2 rj2 can be
approximated by 4p2 Sdðk0  kÞ for sufficiently large inplane cross sections S. The photon-induced transition rate
given in Eq. (54) now becomes
opt
Wik;jk
0 ¼

X
4p3
jdij j2 dðk0  kÞ
Im Lij ðxm ; kÞ;
2
0 cn0 h S
m

(135)

where we sum over all relevant cavity modes with frequencies xm and intensities Im to account for multimode lasing.
Adapting Eq. (51) to the present case, the definition of the
Lorentzian lineshape function becomes
Lij ðx; kÞ ¼

cij ðkÞ
1
;
p c2ij ðkÞ þ ½x  jxij ðkÞj2

(136)

where xij ðkÞ ¼ ðEik  Ejk Þ=h denotes the resonance frequency and cij ðkÞ is the optical linewidth of the transition,
which is given by
cij ðkÞ ¼


X
1 X
Wik;‘ þ
Wjk;‘ ;
2 ‘6¼i
‘6¼j

(137)

when only the lifetime broadening contributions are considered.107 The total photon-induced transition rate from a
given initial state jiki to a subband j is found from Eq. (135)
by summation over all final wave vectors k0 using Eq. (61)
X
p
opt
¼
jd j2
Im Lij ðxm ; kÞ:
(138)
Wik;j
2 ij
0 cn0 h
m
The transition rate due to spontaneous photon emission can
also be directly calculated from Eq. (138),177 but is usually
negligible compared to other scattering mechanisms in
QCLs. The gain contribution at frequency x of a single electron in state jiki, i.e., nsi ¼ 1=S, is obtained from Eq. (52) by
summing over the transitions to all available final states
jjk0 i. With Eqs. (61) and (134), we obtain
gðxÞ ¼

G. Inclusion of the optical cavity field

ð1

X xij ðkÞ
px
jdij j2 Lij ðx; kÞ:
h0 cn0 SLp j jxij ðkÞj

(139)

For Eik < Ejk , we have xij ðkÞ=jxij ðkÞj ¼ 1, indicating
absorption and thus resulting in a negative contribution to

011307-30

C. Jirauschek and T. Kubis

Appl. Phys. Rev. 1, 011307 (2014)

the optical gain.76 For EMC simulations, the gain can be
evaluated by summing Eq. (139) over all simulated electrons
n in the corresponding states jin ki of the central simulation
period(s)76
gðxÞ ¼

X X x i j ðk Þ
px
n
jdi j j2 Lin j ðx; kÞ;
h0 cn0 SLp n j jxin j ðkÞj n


(140)

where j also includes states in adjacent periods. S then corresponds to the simulated device in-plane cross section, which
is for a sheet doping density per period ns given by
S ¼ Ne =ðns Np Þ, where NP corresponds to the number of periods over which the Ne simulated electrons are distributed.
For rate equations, the electron wave vector dependence
is not considered, and thus a k independent averaged value
cij has to be taken in Eq. (136). Furthermore, xij does not
depend on the wave vector if nonparabolicity effects are
neglected. Then the gain simplifies to Eq. (52), thus
becoming


px X
jdij j2 nsi  nsj Lij ðxÞ:
(141)
g¼
h0 cn0 Lp i;j

The intensity evolution for a mode m is again given by
Eq. (49)
n0 c1 @t Im ¼ Cm gðxm ÞIm  am Im :

(142)

The carrier transport and intensity evolution have to be
simulated by a coupled approach, as illustrated in Fig. 17.
The carrier transport simulation based on rate equations or
EMC now includes the photon-induced transition rates Eq.
(138), which depend on the intensities given by Eq. (142).
On the other hand, Eq. (142) depends on the gain which is
extracted from the carrier transport simulations by using Eq.
(140) or Eq. (141).

FIG. 17. Illustration of coupled simulations including both the carrier transport and optical cavity field.

FIG. 18. Simulated unsaturated and saturated power gain coefficient vs. frequency. The dashed line indicates the threshold gain. Reprinted with permission from Appl. Phys. Lett. 96, 011103 (2010). Copyright 2010 AIP
Publishing LLC.76

H. Selected EMC simulation results

In the following, some EMC simulation results are presented for both mid-infrared and terahertz QCLs, illustrating
the versatility of this approach. Examples without inclusion
of the optical cavity field are shown in Secs. VI A–VI D, see
Figs. 11, 13, and 15 where results for the unsaturated optical
gain are displayed. Here, we focus on coupled simulations of
the carrier transport and the optical cavity field.
The EMC method has been applied to study the optical
power and gain saturation in terahertz QCLs, yielding good
agreement with experimental data.76 Here, examples are presented for a high temperature QCL lasing up to 164 K.178
In Fig. 18, the simulated unsaturated spectral gain curve is
compared to the result obtained for carrier-light coupling
included, demonstrating gain saturation and clamping at the
threshold gain value due to the lasing field. In Fig. 19, the
obtained optical output power as a function of lattice temperature is compared to experimental data, demonstrating good
agreement with experiment.
Due to the stimulated optical transitions, the lasing field
significantly influences the carrier transport, affecting not
only the subband populations and thus the optical gain but
also the electric current. This is especially the case for high
efficiency mid-infrared QCLs. In Fig. 20, the measured current density of a mid-infrared QCL with 50% wall-plug efficiency9 is compared to EMC results with and without

FIG. 19. Comparison of the measured optical power vs. lattice temperature178 to EMC simulation results; the inset contains the simulated power vs.
applied bias for various lattice temperatures. Reprinted with permission
from Appl. Phys. Lett. 96, 011103 (2010). Copyright 2010 AIP Publishing
LLC.76
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FIG. 20. The measured current-voltage characteristics for a high-efficiency
mid-infrared QCL9 is compared to results obtained from EMC simulations
with and without lasing included. Reprinted with permission from J. Appl.
Phys. 110, 013108 (2011). Copyright 2011 AIP Publishing LLC.106

carrier-light coupling included.106 Good agreement with
experiment is only obtained in the former case, while the
simulation neglecting photon-induced processes significantly
underestimates the current density, demonstrating the significant influence of these processes on the carrier transport.
VII. DENSITY MATRIX APPROACHES

The one-dimensional density matrix approach is frequently used for the analysis and optimization of
QCLs.17,111–113 Also three-dimensional versions have been
developed.114,115 One-dimensional density matrix approaches
can be seen as a quantum mechanical generalization of rate
equations, Eq. (36), to include effects such as resonant tunneling and dephasing. In the semiclassical description, transport
through a barrier occurs instantaneously due to electrons
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being scattered into wave functions which are spatially
extended across the barrier,125 see Fig. 21(a). In the quantum
mechanical picture, the electron transport across the barrier is
described by a coherent superposition of the extended states
with a narrow anticrossing energy gap DE , resulting in a
localized electron wavepacket. Due to the coherent time evolution of these states, the wavepacket oscillates between the
left and right well with the so-called Rabi oscillation frequency X ¼ DE =h,125 and the corresponding tunneling time
corresponds to half the duration of an oscillation cycle,
stun ¼ p=X.111 The semiclassical picture is adequate as long
as the Rabi oscillations are not significantly dampened by
dephasing, since then the wavepacket oscillates uniformly
between the wells and the averaged population distribution
corresponds to the semiclassical description. However, for
strong dephasing with relaxation times s  stun , the wave
packet no longer oscillates. Rather, the electrons accumulate
in the left well, and the semiclassical picture of a uniform
electron distribution across the extended states is no longer
valid.125 Now the current transport is not limited by the
scattering-induced electron transport, but by tunneling
through the barrier. This effect is commonly referred to as
wave function localization due to dephasing, and occurs for
thick barriers with narrow anticrossing gaps DE and thus long
tunneling times stun .125 Especially in terahertz QCLs, thick
injection barriers are used with DE 1 meV,125 corresponding to stun of around 2 ps, while the dephasing time can be
estimated from the spontaneous emission linewidth of
5 meV (Ref. 125) to be 0.3 ps.
Rather than describing localized wavepackets by a coherent superposition of eigenstates, frequently localized wave
functions are used,111–113 see Fig. 21(b). Here, the wave functions are computed for each QCL period separately, by

FIG. 21. Conduction band profile and probability densities for a
terahertz QCL, computed based
on (a) the actual potential V modeled as a periodic sequence of
stages and (b) the tight-binding
conduction band profile Vtb
obtained by extending the barriers at the stage boundaries to
confine the wavefunctions within
the stage. The rectangles denote
a single stage. The extended
wavefunctions spanning the thick
barrier and the corresponding
localized wavefunctions are
marked by bold lines.
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assuming that the thick injection barriers at the left and right
sides of the period are infinitely thick.111 The Schr€odinger
equation, Eq. (4), is then solved for the corresponding tightbinding conduction band profile Vtb rather than the actual
potential V. The corresponding Hamiltonian is obtained in the
framework of tight-binding theory.36 Specifically, the Rabi
frequency for a doublet of states spanning the coupling barrier
is given by Xij ¼ h1 hijV  Vtb jji.111 Depending on the
investigated QCL structure, resonant tunneling may have to
be considered at more than a single coupling barrier in each
period.112,113 Then the period is subdivided into smaller
regions, and the tight binding formalism has to be applied
accordingly.
Wave functions wi represent pure states, and thus are
not adequate for describing decoherence effects due to the
interaction with the environment. This can be accomplished
by means of a density matrix qij (see also Sec. V B), which
can represent both pure and mixed states and thus is suitable
to model dephasing. The diagonal terms qii correspond to the
occupation of level i, and the off-diagonal elements qij are
the coherence or polarization terms for the doublet i, j.125
The density matrix can be normalized so that the diagonal
terms correspond to the sheet density, qii ¼ nsi . The time
evolution of the density matrix qij ðtÞ is described by the von
Neumann equation
i
hdt qij ¼

X


Hi‘ q‘j  qi‘ H‘j ;

(143)

the kinetic electron distribution within the subbands.111 The
stationary solution of Eq. (144) is obtained by setting dt ¼ 0,
yielding113
X
s
s
s
1 s
½s1
ji nj þ Rij ðnj  ni Þ  si ni ¼ 0;

(146)

j6¼i

with
Rij ¼

2X2ij c1
ij
1 þ x2ij c2
ij

:

(147)

Furthermore, Eq. (38) has to be fulfilled, i.e., the total sheet
density in each period is determined by the doping sheet density ns.
Equation (144) can be solved using empirical rates, or
implemented in a self-consistent manner by calculating the
as discussed in Sec. VI E. The pure
scattering rates s1
ij
dephasing rate s1
in
Eq. (145) can be computed based on
pure;ij
intrasubband scattering transitions,113,179 but is often treated
by assuming an empirical value.112,125 In a simplified model,
the transport across the barrier can be restricted to the coupling between two states 1 and 2. For this case, Eq. (146)
1
1 s
s
s
simplifies with s1
12 ¼ s21 ¼ 0 to s2 n2 þ R12 ðn2  n1 Þ ¼ 0.
The current density through the barrier is then given by
s
s
s
J ¼ eR12 ðns1  ns2 Þ ¼ es1
2 n2 . With Eq. (147) and n1 þ n2
10
s
¼ n , we obtain

‘

where the Hamiltonian matrix elements are defined as
^
For describing the carrier transport in QCLs,
Hij ¼ hijHjji.
0
the Hamiltonian is divided into two parts, H^ ¼ H^ 0 þ H^ .
Here, H^ 0 describes the coherent evolution of the quantum sys0
tem due to the conduction band potential, while H^ contains
the perturbation potentials corresponding to the various scattering mechanisms and introduces dissipation to the system.
0
H^ is commonly implemented in a somewhat phenomenological manner by using transition and dephasing rates, similar as
for the rate equation approach discussed in Secs. V A and
VI E. Equation (143) can then be cast into the form111,113
dt nsi ¼

X
j6¼i

s
1 s
s1
ji nj  si ni þ

X

iXij ðqij  qji Þ;

j

(144)

dt qij ¼ iXij ðnsi  nsj Þ  iqij xij  cij qij ;
P 1
where xij ¼ ðEi  Ej Þ=h, and s1
i ¼
j6¼i sij indicates the
total inverse lifetime of level i. The scattering rates s1
ij have
already been discussed in Secs. V A and VI E. The dephasing
rate is given by125
1
1
cij ¼ ðs1
i þ sj Þ=2 þ spure;ij :

(145)

1
Here, ðs1
i þ sj Þ=2 is the lifetime broadening contribution
[see also Eq. (137)], and s1
pure;ij contains the pure dephasing.
The Rabi frequency Xij is nonzero only for doublets spanning a coupling barrier; specifically, Xii ¼ 0. In Eq. (144),
resonant tunneling is assumed to be independent of the inplane wave vector, and the rates s1
ij ; cij are averaged over

J¼

1þ

2ens X212 c1
12
:
þ 4X212 c1
12 s2

x212 c2
12

(148)

In the three-dimensional density matrix method, additionally the in-plane wave vector k is taken into account, i.e.,
the electrons are described by states jiki rather than jii.
Consequently, the density matrix is given by qik;jk0 , and i; j; ‘
in Eq. (143) have to be replaced by ik; jk0 , and ‘k00 , respectively. Three-dimensional density matrix approaches can be
seen as a quantum mechanical generalization of the
Boltzmann equation given in Eq. (129). Various approaches
based on the three-dimensional density matrix have been
developed for QCL simulation, where the scattering mechanisms are self-consistently implemented based on the corresponding Hamiltonians.114,115 Specifically, also a hybrid
density matrix-Monte Carlo approach has been introduced,
where the tunneling transport through the coupling barrier is
treated based on the density matrix formalism, while scattering inside each period is treated semiclassically using an
EMC approach.125

VIII. NON-EQUILIBRIUM GREEN’S FUNCTION
FORMALISM
A. General scope of the non-equilibrium
Green’s function method

Quantum cascade devices utilize charge transport in
structures of the nanometer length scale. In this regime,
quantum effects such as coherent tunneling, interference,
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and confinement play a very important role for the transport
physics. At the same time, however, the devices are run at
finite temperatures, which support a significant amount of
scattering with phonons. Since most devices are doped,
alloyed and/or based on heterojunctions of different materials, impurity and alloy disorder as well as surface and
interface roughness influence the transport, too. All these
scattering effects share the fact that the full quantum
information (i.e., the full phonon phase, the precise position
of the impurities, etc.) is either unknown or lost in the statistics of large numbers of scattering events. Consequently,
these effects contribute to incoherent scattering and
dephasing.
It is well established that the NEGF theory is the most
general scheme for the prediction of coherent and incoherent
quantum transport. Since its introduction in the 1960s,180–182
this formalism has been successfully applied on a great
variety of transport problems. These problems include, but
are not limited to spin,183–185 phonon,186–188 and electron
transport,189,190 covering different materials such as metals,191,192 semiconductors,193 topological insulators,194 and
even various dimensionalities such as layered structures,195
nanotubes,187,196 fullerenes,197 and molecules.198,199 For
electronic transport, the NEGF method has been implemented in a large variety of representations, ranging from
envelope function approximations such as the effective
mass200,201 and kp method,202 to atomistic representations
such as tight binding203,204 and even density functional
theory models.205 In most cases, the NEGF method is used
for transport in open systems, i.e., devices connected to spin,
charge or heat reservoirs via semi-infinite leads.
Nevertheless, two different approaches have been successfully applied to mimic the field-periodic conditions cascade
structures are facing.118,122,206,207
It is this high flexibility of NEGF that offers choosing
specialized basis functions such as, e.g., Wannier-Stark
states for cascade structures,206 wire modes for homogeneous wire systems,189 or generic basis functions for general
cases within the low rank approximation.208 It is true for all
these cases that the closer the basis functions match the
actual quasi particles of the system, the fewer basis functions
are required to reliably predict the device performance and
the more efficient the numerical implementation of NEGF
will be. It is worth to mention here that the NEGF method
natively contains more information than semiclassical methods such as the Boltzmann equation. In fact, it has already
been shown in the 1960s how to approximate the NEGF
equations to yield the Boltzmann equation.181
The NEGF method, however, faces one major drawback
compared to most other methods: the numerical solution of
the NEGF equations is expensive both in terms of memory
and central processing unit (CPU) time. The numerical costs
are particularly high if incoherent scattering in the selfconsistent Born approximation is considered. For this reason,
most numerical implementations of NEGF on real devices
do not include electron-electron scattering beyond the first
order (Hartree) approximation. Higher orders of electronelectron scattering (i.e., exchange terms) are required to
model energy transfer during inelastic electron-electron
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scattering, but their numerical load typically prohibits the
implementation on concrete transport problems.

B. Overview of the non-equilibrium Green’s function
method
1. Fundamental equations and observables

As discussed in Sec. II A, electrons in quantum cascade
lasers can be successfully described within the effective
mass approximation. Hereby, the devices are typically considered as laterally homogeneous quantum well heterostructures. The electronic structure is then represented with the
Hamiltonian
h2
1
h2 k2
@z 
@z þ k
þ V ðzÞ;
H^ 0 ¼
2
m ðz; EÞ
2m ðz; EÞ

(149)

V ðzÞ ¼ Vc ðzÞ  eUðzÞ;
where k is the lateral electron momentum, UðzÞ the electrostatic potential, and Vc ðzÞ denotes the material and position
dependent conduction band edge, including the band offsets.
Note that the effective mass is energy-dependent to include
the nonparabolicity as described in detail in Sec. II C. In the
stationary limit, the NEGF method describes transport with
the electronic retarded and lesser Green’s function GR and
G< , respectively. These functions solve four coupled partial
differential equations that read in operator form for a given
energy E and in-plane momentum k209

1
GR ¼ E^1  H^ 0  RR ;
†

(150a)

G< ¼ GR R < GR ;

(150b)

R < ¼ G< D< ;

(150c)

R R ¼ GR DR þ GR D< þ G< DR :

(150d)

Here, RR and R< denote the retarded and lesser self-energies
and DR and D< are the sum of retarded and lesser Green’s
function of the environment. Equations (150a) and (150b)
are also referred to as Dyson and Keldysh equation, respectively. The expressions for the self-energies, Eqs. (150c) and
(150d), are discussed in Sec. VIII D for various scattering
mechanisms. We note that in that section and in the rest of
this paper all Green’s functions and self-energies are given
in real space representation which requires a transformation
of Eqs. (150) from operator space into real space. Thus, the
Green’s functions and self-energies given in the following
have the dimensions eV1 m1 and eV m1, respectively,
unless stated otherwise. Green’s functions and self-energies
are solved in the self-consistent Born approximation, i.e.,
they are solved iteratively until convergence is achieved.
Most of the known current conserving simplifications of the
self-energies do not ease the convergence of the
self-consistent Born iterations, but reduce the numerical burden of each individual iteration only. In contrast to methods
that require the solution of the Schr€odinger equation, the solutions of Eqs. (150) do not require to solve an eigenvalue
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problem. Consequently, energy dependent effective masses
in the Hamiltonian H^ 0 do not increase the numerical complexity of NEGF. The Green’s functions and self-energies
are functions of two spatial coordinates z; z0 , the absolute
value of the lateral momentum k and the energy E. The
energy and spatially resolved spectral function Aðz; EÞ ¼
†
i½GR ðz; z; 0; EÞ GR ðz; z; 0; EÞ shows width and location of
resonant states in the system. This indicates that GR contains
the information of resonant states and the density of states.
The G< function contains in addition information of the occupancy of the electronic states. Consequently, occupancy
related observables such as density, current, and optical gain
are dependent on G<: the spatially and energy-resolved density nðz; EÞ and current density J ðz; EÞ are defined in relation
to the density nðzÞ and current density J ðzÞ, respectively,
ð
nðzÞ ¼ dEnðz; EÞ
ð ð
2
=
dE d2 kG< ðz; z; k; EÞ;
(151)
¼
ð2pÞ3
ð
J ðzÞ ¼ dEJ ðz; EÞ
ð ð
he
1
dE d2 k 
¼
lim
3 z0 !z
z; EÞ
m
ð
ð2pÞ
<
0
<ð@z  @z0 ÞG ðz; z ; k; EÞ:
(152)
The current density in Eq. (152) is only correct as long as the
kinetic energy operator is the only term in the Hamiltonian
that does not commute with the position operator. This can
be seen from the fundamental probability current density operator in real space x and time t representation (see, e.g.,
Refs. 210 and 211)
hJ^ðx1 ; t1 Þi ¼ lim lim ih^v G< ðx1 ; t1 ; x2 ; t2 Þ;
t2 !t1 x2 !x1

(153)

with the velocity operator
^v ¼

i ^
H; x^  :
h

(154)

Please note that the Green’s function in Eq. (153) is given in
real space x and time t representation and has the dimension
eV1 m3 s1. The optical field amplitude absorption coefficient aðz; xÞ for a photon of frequency x is a function of the
permittivity ðz; xÞ212
)1=2

 pﬃﬃﬃ ( 
 
 ðz; xÞ 
ðz; xÞ
ðz; xÞ
2x


þ
aðz; xÞ ¼ =
:
<
0
0
0 
c
(155)
Here, 0 is the vaccum permittivity and c denotes the speed of
light. The optical absorption coefficient is usually defined with
respect to the field intensity (a) rather than with respect to the
field amplitude,88 see Sec. III. In particular, in the gain regime
one often refers to the power gain a. These quantities are
related by a ¼ 2a. The permittivity depends on the complex
conductance rðz; xÞ and the materials dielectric constant r ðzÞ

ðz; xÞ ¼ 0 r ðzÞ þ irðz; xÞ=x:

(156)

Before lasing starts and the perturbation dV^ðxÞ due to the
optical field is still small, the optical absorption can be
extracted from the linear response of the Green’s functions.
To first order, the change of the lesser Green’s function is
given by (for a given k)116
dG< ðx; EÞ ¼ GR ðE þ hxÞdV^ðxÞG< ðEÞ
†

þG< ðE þ hxÞdV^ðxÞGR ðEÞ
þGR ðE þ hxÞdRR ðE þ hx; EÞG< ðEÞ
†

†

þG< ðE þ hxÞdRR ðE þ hx; EÞGR ðEÞ
†

þGR ðE þ hxÞdR< ðE þ hx; EÞGR ðEÞ:
(157)
Changes to the scattering self-energies dR due to the photonic perturbation dV^ are first order vertex corrections.
The wavelengths of terahertz lasers are much larger than
the typical dimensions of the QCL periods. Thus, for the
electron transport calculation, the optical electric field can be
considered constant in the active device. Since the QCL laser
light is usually linearly polarized in transport direction z, the
perturbing potential reads in Coulomb gauge
dV^ðxÞ ¼

he
m ðzÞx

Ez ðxÞ@z ;

(158)

with the photon electric field component in z direction Ez.
This results in the change of the current density dJ ðz; xÞ in
linear order of dV^ðxÞ
h2 e
ð@ z 1  @ z 2 Þ
z2 !z1 m ðz1 Þ
ð
ð
dE d2 k
dG< ðz1 ; z2 ; k; x; EÞ
2ph ð2pÞ2
ð
ð
2he2 Ez ðxÞ dE d2 k <
G ðz1 ; z1 ; k; EÞ:
 
m ðz1 Þx 2ph ð2pÞ2

dJ ðz1 ; xÞ ¼  lim

(159)
The first term of the last equation results from the current operator in Eq. (152) applied on the change of the lesser
Green’s functions dG< . The second term results from the
change of the velocity and of the current operator due to the
fact that dV^ðxÞ does not commute with the position operator
[see Eq. (154)]. The quotient of the perturbation of the current density dJ ðz; xÞ and the electric field Ez ðxÞ of the photon gives us the optical conductance
rðz; xÞ ¼

dJ ðz; xÞ
:
E z ðx Þ

(160)

If vertex corrections dR are ignored for simplicity, Eqs.
(158), (157), and (159) can be combined into an equation for
the optical conductance
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rðz1 ; xÞ ¼ lim
z !z
2

1

h2 e2
2ð

3

m ðz1 Þ 2pÞ x

ð
ð@z1  @z2 Þ dEd2 kdz3

½G ðz1 ; z3 ; k; E þ hxÞ@z0 G< ðz0 ; z2 ; k; EÞjz0 ¼z3
R

þG< ðz1 ; z3 ; k; E þ hxÞ@z0 GA ðz0 ; z2 ; k; EÞjz0 ¼z3 
ð
dEd2 k
2e2
G< ðz1 ; z1 ; k; EÞ:
(161)
3 
ð2pÞ m ðz1 Þx
When the self-consistently solved Green’s functions are used
for the optical conductance, Eq. (161) fully accounts for the
self-consistently calculated electron states and their nonequilibrium state occupations. The vertex corrections dR in
Eq. (157) increase the numerical load significantly, since
they require self-consistent iterations of dG with dR. Both
dG and dR depend on the optical frequency x in addition to
the “standard” dependence of the Green’s function [e.g.,
dR ¼ dRðz; z0 ; k; E; xÞ]. Thus, such self-consistency is expensive in terms of memory and time. It has been shown that
vertex corrections narrow the optical linewidths and increase
the peak height of the absorption coefficient in terahertz
QCLs.117 Calculations without dR may not predict quantitative values of aðz; xÞ, but can serve for qualitative predictions only. If the interaction with the photonic field should
be considered beyond linear response—such as in the case of
electron transport during lasing, time dependent NEGF with
a periodically oscillating electric field is required. Details of
this approach can be found in Ref. 124.
The balance between the benefits of the NEGF method
and its numerical load is strongly device physics dependent.
If the electron transport is clearly dominated by incoherent
scattering and tunneling across multiple barriers is negligible, semiclassical models are clearly more efficient than
NEGF. Otherwise, if scattering is negligible, the NEGF
method has to compete with numerically more efficient
methods such as the Schr€odinger equation or the quantum
transmitting boundary method.213 If scattering in low order
captures the physics and energy resolved information is not
desired, the density matrix method is more efficient than
NEGF as well. The strength of NEGF is that it allows to predict transport in all these regimes and gives deep insight to
the ongoing processes in any of the before mentioned situations. It will be discussed in Sec. VIII E in detail that a single
terahertz QCL can move from the ballistic to the scattering
dominated regime with the applied electric field. Therefore,
it is appropriate to use NEGF on these devices.
2. Different basis representations and low rank
approximations

The solution of the NEGF equations, Eqs. (150),
requires many matrix-matrix products and matrix inversions.
Both scale cubically with N, the number of degrees of freedom the equations are discretized in. As a result, highly
resolved NEGF calculations can easily require modern
supercomputers.44 It is obvious that any reduction of N will
reduce the number of floating point operations signficantly.208 Real space discretization of Eqs. (150) faces the
challenge that any device feature such as differing widths of
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semiconductor layers has to match to the chosen resolution.
Particularly small device features require an inhomogeneous
grid in real space, increasing the numerical complexity.
The most common technique to reduce N is to transform
the NEGF equations into a system of basis functions that are
equal or close to the actual propagating eigenstates of the
system’s Hamiltonian. The more the basis functions agree
with the eigenfunctions of the system, the less the basis functions couple with each other and the fewer functions need to
be included in the actual transport calculation. If the target
basis has less states than the rank N of the original (real
space) representation, the transformation matrices are rectangular. In the ideal case, when the basis functions are isolated
from each other, their individual contribution to transport
can be solved and summed. Prominent examples of such
rank reductions are the mode space approaches for transport
in nanowire structures. If the basis functions are coupled, it
is common to still limit the number of considered functions.
In this case, however, this approach gives only approximate
results. In general cases, transformations with rectangular
matrices that reduce the rank of the equations are called low
rank approximations.208
In the framework of cascade devices, a small number N
of Wannier or Wannier-Stark basis functions have proven to
represent quantum transport well enough for reliable predictions. For instance, Lee et al. were able to solve the IV characteristics and optical output performance of terahertz QCLs
with only 5 states per period.214 Although it is a common
and numerically very efficient technique, caution is required
when results of the low rank space are transformed back into
the original real space representation if the rank of the two
differs a lot. Numerically, the back transformation produces
results with the high resolution of the original space, but the
reliability of the data in the real space resolution strongly
depends on how well the basis functions of the low rank
space match the physics of the device. Unphysical oscillations of the current density with real space can indicate such
reliability issues. Increasing the number of considered basis
functions in the low rank space can improve the reliability of
the approximate results.208,214
C. Boundary conditions for cascade systems

Boundary conditions in stationary NEGF always fall
into two categories: boundary conditions for GR that are
related to the density of states and boundary conditions for
G< that are related to state occupancy and particle distributions. Since quantum cascade lasers consist of many repetitions of the same building block—a sequence of quantum
wells and barriers—NEGF is often applied on cascade structures with field periodic boundary conditions.121,206,215 Field
periodic boundary conditions for the retarded Green’s function can be mimicked by solving the NEGF equations in a
system of 3 or more periods: the innermost period is considered as the actual active device while the boundary periods
are considered as charge suppliers only. The Poisson equation is solved with periodic boundary condition and an
applied homogeneous electric field is added to the resulting
potential. Since the source sided periods are on average on a
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higher potential (and contrary for the drain sided periods),
the system effectively faces field periodic charge boundary
conditions. The initial guess for the lesser Green’s function
G< is also field periodic. Since the system is closed,
self-consistent Born iterations of the higher order scattering
terms may change the number of electrons. To maintain
global charge neutrality, the G< function needs rescaling
between iterations.215 Although this type of boundary treatment is appealing for cascade systems, care on the numerical
details has to be taken: In the first iteration of the
self-consistent Born approximation the system is purely
coherent. Then, the equation for GR is van-Hove singular
whenever the energy E agrees with a resonance of the system. Otherwise, the resulting retarded Green’s function is
real and the spectral function A vanishes (i.e., no electronic
states are found). To solve this issue, a small artificial retarded scattering self-energy is typically included in Eqs.
(150). This self-energy maintains a minimal broadening of
resonances. This artificial broadening has to be negligible
compared to the actual scattering self-energies. Note that
purely coherent and field periodic calculations would clearly
yield divergent electron energies in nonequilibrium.
Most applications of NEGF tackle transport in open systems. In open systems, the active device is connected via
semi-infinite leads with charge reservoirs that supply or collect electrons with a constant, typically equilibrium distribution. Technically, the boundary conditions of GR and G< are
then introduced by including contact self-energies RRcon and
R
<
R<
con in the equations for G and G in Eqs. (150), respectively. In this case, the large number of cascade periods can
be mimicked by considering one or a few periods as the
actual active device and including the potential landscape
and material sequences of the adjacent periods in the calculation of RR .118,122 In this way, the presence of the leads broadens resonant states in the active device and allows for the
solution of purely ballistic transport without adding artificial
retarded self-energies. It also allows for the assessment of
individual scattering mechanisms, since scattering and its
broadening of the states is not essential for numerical convergence and can be turned off selectively. However, the
boundary condition for G< requires a model for the electron
distribution in the leads. It is common in NEGF for open systems to assume equilibrium Fermi distributions. In the case
of cascade devices, however, such equilibrium distributions
do not include possible heating effects within previous cascade periods and therefore allow results of nonperiodic electron distributions: When heating effects exist, the electrons
do not dissipate all energy they gain while traversing the
potential drop of a single period. Then, the electron distributions at source and drain side of each period differ.118
Alternatively, an electron distribution can be read out of
G< at device positions that are equivalent to the lead/device
interfaces. In this case, the nonequilibrium distribution is
defined as
f ðz; k; EÞ

iG< ðz; z; k; EÞ=Aðz; z; k; EÞ;

with the spectral function

(162)

h
i
†
Aðz; z0 ; k; EÞ ¼ i GR ðz; z0 ; k; EÞ  GR ðz; z0 ; k; EÞ :

(163)

In equilibrium, the function f ðz; k; EÞ equals the Fermi distribution f ðE; lÞ.209 When the distribution function of source
(z ¼ 0) and drain (z ¼ L) are assumed to be equivalent to the
distribution functions at positions in the device that are a single QCL period apart

! 
f ð0;k;EÞ¼ f nLp ;k;E þ ne/ ;

! 
f ðL;k;EÞ¼ f L  nLp ;k;E  ne/ ;
field periodic boundary conditions for G< are mimicked.122
Here, Lp is the length of a QCL period, / is the potential drop
per period, and n is the number of explicitly considered QCL
periods. To ensure global charge neutrality, the Poisson equation is solved with the applied electric field at both boundaries.
D. Scattering self-energies

In the following, the resulting expressions for the selfenergies, given in Eqs. (150c) and (150d), are summarized for
the most important scattering mechanisms in QCLs. If multiple scattering mechanisms are considered, the individual selfenergies of the respective scattering mechanisms can be
summed up and the summed self-energy is then used in Eqs.
(150). Some of the scattering self-energies are numerically so
expensive to implement that approximations are inevitable.
Some approximations are shown that ease the numerical burden significantly but still faithfully reproduce the scattering
rates expected from Fermi’s golden rule. It is worth mentioning that all presented approximations have been carefully
assessed. Approximations that violate Pauli blocking, underestimate effects of nonlocality of quantum mechanics or miss
important characteristics of the scattering potentials have been
avoided. Coherent effects or the balance between incoherent
and coherent QCL physics are to the best of the authors’
knowledge not affected by the presented approximations. A
detailed discussion of the validity of approximations in NEGF
can be found in Ref. 120. This section ends with a brief discussion on general approximations of scattering self-energies and
some numerical details for efficient implementations.
1. Scattering from longitudinal acoustic phonons

To avoid many-particle Green’s functions, the phonon
gas is assumed to remain unchanged by the electron propagation. This requires applying the perturbation potential of Eq.
(66) in second order and to group the phonon creation with
annihilation operators.216 The resulting products of phonon
and electron operators are then translated into the electron
and phonon Green’s functions in Eq. (150) for the lesser and
retarded self-energies195,209,211
ð
1
R< ðz3 ; z4 ; k; EÞ ¼
d2 qdqz jCQ j2 eiqz ðz3 z4 Þ
ð2pÞ3


½NQ G< z3 ; z4 ; jk  qj; E  
hxQ


þð1 þ NQ ÞG< z3 ; z4 ; jk  qj; E þ hxQ ;
(164)
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d2 qdqz jCQ j2 eiqz ðz3 z4 Þ



½NQ GR z3 ; z4 ; jk  qj; E þ hxQ


þð1 þ NQ ÞGR z3 ; z4 ; jk  qj; E  hxQ 
ð
1
d2 qdqz jCQ j2 eiqz ðz3 z4 Þ
þ
ð2pÞ3


1 <
G z3 ; z4 ; jk  qj; E  hxQ
2


1 
 G< z3 ; z4 ; jk  qj; E þ hxQ
2
ð
ð
i
0
dE
d2 qdqz jCQ j2 eiqz ðz3 z4 Þ

ð2pÞ4


G< z3 ; z4 ; jk  qj; E  E0


1
1
:
(165)
 0
Pr 0
E þ hxQ E  hxQ
Here, Q ¼ ½q; qz T is the phonon wave
vector with the inpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
plane component q, and Q ¼ jQj ¼ q2 þ q2z . The coupling
constant for a phonon of wave vector Q and phonon frequency xQ is denoted with CQ, and the analytical phonon
Green’s functions are already inserted.216 It is worth noting
that Eqs. (164) and (165) are valid for electrons scattering
from any type of bulk equilibrium phonons. In the case of
the deformation potential perturbation and a linearized phonon dispersion relation,149 the coupling constant reads [similar to Eq. (67)]
jCQ j2 ¼

hN2
Q2 :
2qc xQ

(166)

Even in this approximate shape, Eqs. (164) and (165) require
numerical solution of the three-dimensional Q integrals.
Since that is typically beyond numerical feasibility, further
approximations are commonly applied.
a. Elastic acoustic phonon scattering. A rather common
approach165,217 is to neglect energy changes of the electrons
in the scattering process with the phonons

E 6 hxQ

E:

(167)

In addition, high temperatures are assumed218
kB T

hxQ ;

(168)

which allows to apply the equipartition approximation to the
Bose distribution (see also Sec. VI B 1)
NQ þ 1

NQ

kB T
kB T
:
¼
hxQ hvs Q

(169)

The lower the phonon energy, the better justified the
equipartition approximation. In the case of GaAs the acoustic
phonon energy extends up to approximately 19 meV. At this
phonon energy, the equipartition approximation is well justified for phonon bath temperatures above approximately
30 K, as illustrated in Fig. 22. This figure shows the exact

FIG. 22. Phonon-number-dependent prefactor in the integral of Eqs. (164)
and (165) at 19 meV phonon energy as a function of the bath temperature.
The high temperature approximation described in the text (dashed) converges to the exact solution (solid) at approximately 30 K. The lower the
phonon energy, the faster both curves converge.

(solid) as well as the approximated [Eq. (169), dashed] result
of ð1 þ 2NQ Þ at 19 meV.
With all these approximations the formula for the lesser
self-energy finally reads
R< ðz3 ; z4 ; k; EÞ ¼

kB TN2
ð2pÞ qc v2s
ð
d2 qdqz eiqz ðz3 z4 Þ G< ðz3 ; z4 ; jk  qj; EÞ:
1

3

(170)
When the integral over qz is approximated141 to run from
1 to 1 it can be solved analytically which results in a
local scattering self-energy
ð
1 kB TN2
2
<
R< ðz3 ; z4 ; k; EÞ ¼
d
z

z
ð3
4 Þ d lG ðz3 ; z4 ; l; EÞ:
ð2pÞ2 qc v2s
(171)
This scattering self-energy describes elastic scattering processes. Therefore, terms involving the lesser Green’s function
in the formula of the retarded self-energy Eq. (165) vanish
exactly and the retarded self-energy can be obtained from
Eq. (171) by replacing the “<” with “R”.
b. Inelastic acoustic phonon scattering. An elastic
approximation of the scattering with acoustic phonons
misses an important physical effect: Inelastic scattering with
acoustic phonons allows dissipation of arbitrarily small
amounts of energy. In particular, when the electronic energy
is insufficient to emit polar optical phonons, such an elastic
treatment of acoustic phonons may underestimate electron
thermalization. Setting the energy of acoustic phonons to a
constant, but finite value still limits the minimum amount of
dissipated energy.206 Such small amounts of dissipated
energy become important when the electrons do not carry
enough energy to dissipate polar optical phonons. A full thermalization of such electrons requires the possibility to dissipate arbitrarily small amounts of energy.
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A simple approximate inclusion of inelasticity is to
replace the Green’s function in Eq. (171) with an approxi~ averaged over the energy range of
mate Green’s function G,
61 acoustic phonon
ð EþhxD

1
<;R 
~
~
z3 ; z4 ; l; E ¼
dE0 G<;R ðz3 ; z4 ; l; E0 Þ;
G
2hxD EhxD
(172)
8E~ 2 ½E  hxD ; E þ hxD :
Hereby, the Debye frequency

xD ¼

3qN
4p

1=3
vs ;

(173)

with the number density qN limits the width of that average.
In connection with the equipartition approximation
of Subsection VIII D 1 a, the numerical benefit from this
approximation is threefold. First, the qz integral in Eq. (164)
can be solved analytically and yields a local scattering selfenergy similar to Eq. (171)
R< ðz3 ; z4 ; k; EÞ ¼

N2 kB T
dðz3  z4 Þ
ð2pÞ2 qc v2s 2hxD
ð
ð EþhxD
dE0 d2 lG< ðz3 ; z4 ; l; E0 Þ: (174)
1

E
hxD

Second, scattering with acoustic phonons is inelastically
implemented and allows dissipation of arbitrarily small energies. Third, all terms containing G< in Eq. (165) vanish
exactly and the retarded self-energy is independent of the
lesser Green’s functions
RR ðz3 ; z4 ; k; EÞ ¼

N2 kB T
dðz3  z4 Þ
ð2pÞ qc v2s 2hxD
ð EþhxD
ð
dE0 d2 lGR ðz3 ; z4 ; l; E0 Þ: (175)
1

2

E
hxD

FIG. 23. On-shell scattering rate of electrons by longitudinal acoustic phonons in bulk n-doped GaAs at 300 K and n ¼ 2 1018 cm3. The Fermi
golden rule (dotted) and the NEGF calculation (full line) match perfectly.

Figure 23 shows that scattering rate for the self-energy Eq.
(175). It nicely reproduces the on-shell scattering rate of
Fermi’s golden rule.
In spite of the scattering rate, the presented approximations of inelastic longitudinal acoustic phonons lead to an
incorrect electron distribution: It can be shown that any phonon distribution that deviates from the Bose distribution
[such as the approximate one of Eq. (169)] will cause the
equilibrium electron distribution to deviate from the Fermi
distribution.219 This is illustrated in Fig. 24 as it shows the
electronic occupation of the first state of an unbiased 10 nm
wide In.0165Ga.9835As quantum well that is surrounded by
10 nm thick GaAs layers at various temperatures. In this calculation, only scattering on acoustic phonons given by Eqs.
(174) and (175) is included. The zero of energy is set to the
chemical potential of the device and energies below the conduction band edge are neglected. The higher the device temperature, the better is the agreement between the high-energy
tail and the Fermi distribution. However, the occupations at

If all RR are independent of G<, the retarded functions can
be solved in advance of the lesser Green’s functions and
self-energies. Once the retarded self-energy of a homogeneous system in equilibrium is known, the bulk, on-shell scattering rate can be extracted: In homogeneous systems, the
self-energies depend only on the difference of the propagation coordinates (r ¼ z3 – z4). A Fourier transform of the
imaginary part of the retarded self-energy with respect to r
agrees then with the scattering rate195
ð
~ ðk; kz ; EÞ ¼  2 = drexpðikz rÞRR ðr; k; EÞ:
(176)
C
h
~ is evaluated at
If C
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kz ¼ 2m ðEÞE=h2  k2 m ðEÞ=mk ðEÞ;

(177)

it agrees with the on-shell scattering rate of bulk electrons
with energy
"
#
h2
k2
kz2
þ
E¼
:
(178)
2 mk ðEÞ m ðEÞ

FIG. 24. In-plane electron distribution in the first state of a 10 nm wide
In.0165Ga.9835As quantum well at equilibrium and various temperatures. The
dashed lines show occupations resulting from NEGF calculations when the
approximate inelastic scattering with LA-phonons of Eqs. (174) and (175) is
the only included incoherent scattering mechanism. The Fermi distributions
are depicted with solid lines. The zero in energy marks the chemical
potential.
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energies below the chemical potential are underestimated at
any temperature.
Apart from these deviations from the Fermi distribution,
Eqs. (174) and (175) are numerically efficient and describe
the probability for inelastic scattering with acoustic phonons
well enough. As soon as another inelastic scattering mechanism is included that is significantly stronger than the acoustic phonon scattering, such deviations from the Fermi
distribution become negligible.
2. Scattering from polar longitudinal optical phonons

The scattering of electrons from polar optical phonons is
discussed in detail in Sec. VI B 2. With the screened polar
optical scattering potential of Eq. (85) the lesser self-energy
reads similar to Eq. (86)
R< ðz3 ; z4 ; k; EÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð
 jklj2 þq2s jz3 z4 j
cp
e
d2 l qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼
ð2pÞ3
jk  lj2 þ q2s
2
3
q2s jz3  z4 j
q2s
5
41  qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  
2
2 jk  lj2 þ q2s 2 jk  lj þ q2s
½NPh G< ðz3 ; z4 ; l; E  ELO Þ
þð1 þ NPh ÞG< ðz3 ; z4 ; l; E þ ELO Þ;

(179)

with the LO phonon energy ELO ¼ hxLO , phonon occupation
number NPh given in Eq. (71), and
c ¼ e2



ELO 1
1

:
20 r;1 r;0

(180)

Analogously, the formula for the retarded self-energy can be
derived to
RR ðz3 ; z4 ; k; EÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð
 jklj2 þq2s jz3 z4 j
cp
2 e
d l qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼
ð2pÞ3
jk  lj2 þ q2s
2
3
q2s jz3  z4 j
q2s
5
41  qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  
2
2 jk  lj2 þ q2s 2 jk  lj þ q2s

ð1 þ NPh ÞGR ðz3 ; z4 ; l; E  ELO Þ
1
þ NPh GR ðz3 ; z4 ; l; E þ ELO Þ þ G< ðz3 ; z4 ; l; E  ELO Þ
2
ð ~ 

1 <
dE <
G z3 ; z4 ; l; E~
 G ðz3 ; z4 ; l; E þ ELO Þ þ i
2
2p


1
1
:
(181)
 Pr
Pr
E  E~  ELO
E  E~ þ ELO
Svizhenko and Anantram have shown in one-dimensional
systems that the principal value integrals of the last line in
Eq. (181) shift the energies of resonant states.220 When that

FIG. 25. On-shell scattering rate of electrons with screened polar optical
phonons in homogeneous n-doped GaAs at 300 K. The doping concentration
is 2 1018 cm3 and the screening length is set to 5 nm for comparison.
Results of NEGF calculations (black) agree nicely with Fermi’s golden rule
(grey). The scattering rate below the chemical potential at approximately
90 meV originates mainly from the scattering of conduction band holes.

shift is not differing significantly between different confined
states, it leads only to a rigorous shift of the current-voltage
characteristics. Therefore and since the principal value integrals are numerically expensive to solve, these principal
value integrals are often neglected.165,206,215 The on-shell
scattering rate that corresponds to Eq. (181) is illustrated in
Fig. 25. It shows results for a homogeneously n-doped GaAs
device with n ¼ 2 1018 cm3. It is worth emphasizing that
the self-energies of the polar optical phonon scattering are finite when the two propagation coordinates z3 and z4 differ.
This nonlocality of the scattering originates from the
long-range nature of the Coulomb potential. Screening can
efficiently limit this effect as can be seen from the exponents
in Eqs. (179) and (181).
In Fig. 25, NEGF is solved in equilibrium at room temperature while only scattering with polar optical phonons is
included. The black line in Fig. 25 shows the scattering rate
C resulting from Eq. (176) while the gray line shows results
of Fermi’s golden rule (see, e.g., Ref. 218). Due to the high
electron density, the chemical potential lies at approximately
90 meV above the conduction band edge (at 0 meV). In this
case, holes in the conduction band at energies lower than the
chemical potential contribute to the total scattering rate.120
Therefore, the Fermi golden rule result is a sum of scattering
probabilities of four kinds of scattering events: emission and
absorption of LO-phonons by electrons and holes in the conduction band. When present, all these scattering mechanisms
are automatically included in the self-energy of Eq. (181).
3. Brooks-Herring scattering on charged impurities

It has been discussed already in Sec. VI D 1 that for electrons scattering from charged impurities, the perturbing
potential Vimp ðx; s1 ; s2 ; …; sN Þ at position x is created by the
N impurities at the position s1 ; …; sN . In this section, more
details on the perturbation of Green’s functions due to impurity scattering are presented. It is particularly relevant since
the NEGF formulation of impurity scattering differs from the
semiclassical picture in Sec. VI D 1: the scattering on charged
impurities may influence the electronic correlation function
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between distinct positions. This is also true for scattering on
polar optical phonons in Eqs. (179) and (181), but the following derivation illustrates nicely this effect. If the impurities
are randomly distributed, the probability density to find an
impurity at position si is given by
Pðsi Þ ¼

nD ðsi Þ
:
N

(182)

Here, the total number of impurities N is given by the integral of the impurity density over the total volume V
ð
nD ðsÞd3 s ¼ N:
(183)
V

As discussed in Sec. VI D 1, the first order of the impurity
scattering is covered by the Poisson equation. For the second
order, the squared scattering potential is required. The actual
distribution of the impurities is unknown, thus the product of
the perturbing potential has to be averaged over the impurity
positions which introduces the impurity potential autocorrelation function
hVimp ðx3 ; s1 ; s2 ; …; sN ÞVimp ðx4 ; s1 ; s2 ; …; sN Þiimp
ð N
1 Y
1
¼ N
d3 si nD ðsi Þ
N
ð2pÞ6
i¼1
ð
N
X
0
d3 Qd3 Q0 Vimp ðQÞVimp ðQ0 Þ eiQðx3 sj Þ eiQ ðx4 sj Þ :
j¼1

(184)
With some algebra, this simplifies to
hVimp ðx3 ; s1 ; s2 ; …; sN ÞVimp ðx4 ; s1 ; s2 ; …; sN Þiimp
ð
1
¼
d3 sd3 Qd3 Q0 nD ðsÞVimp ðQÞ
ð2pÞ6
0
0
V ðQ0 ÞeiðQþQ Þs eiQx3 eiQ x4 :
imp

(185)

Typical cascade lasers are set in the regime of the
approach of Brooks and Herring (see discussion in Sec.
VI D 1)158
Vimp ðQÞ ¼

e2
1
;
 Q2 þ q2s

(186)

with the inverse Debye screening length qs. In these systems,
the doping profile is independent of in-plane positions
½nD ðsÞ ¼ nD ðzÞ and the impurity potential correlation Eq.
(185) can be simplified further
hVimp ðx3 ; s1 ; s2 ; …; sN ÞVimp ðx4 ; s1 ; s2 ; …; sN Þiimp
ð
1
dzd3 QnD ðzÞeiQðx3 x4 Þ
¼
2
ð2pÞ
Vimp ðQ; z3  zÞVimp ðQ; z4  zÞ:

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2 expð q2s þ q2 jrz jÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
Vimp ðq; rz Þ ¼
2
q2s þ q2

(188)

In 3D real space representation, the elastic charged impurity
scattering self-energy is a product of the electronic Green’s
function with the scattering potential correlation. After the
Fourier transform with respect to the in-plane momentum the
scattering self-energies read165
R<;R
imp ðz3 ; z4 ; k; EÞ ¼

e4
2 2
16p
ð 

d2 qFðz3 ; z4 ; jk  qjÞG<;R ðz3 ; z4 ; q; EÞ;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ð
 q2s þp2 ðjz3 zjþjz4 zjÞ
e
:
F z3 ; z4 ; q2s þ p2 ¼ dznD ðzÞ
q2s þ p2
(189)
Unfortunately, this result requires a three-dimensional integral
for each value of ðz3 ; z4 ; k; EÞ. It turns out that a numerical
implementation of such a self-energy is very time consuming
and an approximation of the self-energy is necessary.
a. Averaged remote scattering. The scattering selfenergy of the last paragraph is only in so far “exact,” that the
correlation function of impurities is not further approximated. However, the assumption of a constant inverse
screening length qs is already a significant approximation
and in reality, screening in inhomogeneous devices is neither
homogeneous, nor constant with respect to momentum and
frequency. Instead, it would be a more realistic ansatz to
describe the screening of charges with a polarization that
depends on both propagation coordinates and is capable to
describe the many particle effects correctly (see, e.g., Ref.
211). However, such a dielectric function is numerically too
demanding.
Given this fact, it appears questionable to put great
efforts in an “exact” numerical implementation of Eq. (189).
Instead, the position dependent number of charged impurities
nD in Eq. (189) can be approximated with its average
hnD ix3 ;x4 along the shortest propagation path between both
propagation coordinates x3 and x4. In this way, the influence
of scattering at inhomogeneously distributed charged
impurities is approximated with an effective scattering at
homogeneously distributed impurities. This approximation
effectively affects the function F of Eq. (189)



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F z3 ; z4 ; q2s þ p2

hnD iz3 ;z4

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
e qs þp ðjz3 zjþjz4 zjÞ
;
nD ðz3 ; z4 Þ dz
q2s þ p2
8
nD ðz3 Þ; for z3 ¼ z4
>
<
ð z4
¼
1
>
dfnD ðfÞ; elsewhere:
:z  z
4
3 z3
ð

(187)

(190)

The two-dimensional Fourier transform of the Debye-H€uckel
potential with respect to the in-plane coordinates reads165

With this approximation, the scattering self-energy simplifies
to
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hnD iz3 ;z4 e4
2

42 ð2pÞ
"
#
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð
jz3  z4 j þ 1= q2s þ q2 pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
q2s þq2 jz3 z4 j <;R
dq
e
G ðz3 ; z4 ; jk  qj; EÞ :
q2s þ q2

To assess the validity of Eq. (190), we compare the
exact solution of F of Eq. (189) with the approximate F of
Eq. (190) in the case of a step like impurity density

nD ðzÞ /

1; 8jzj  7 nm
0;
else:

(192)

Figure 26 shows the approximated [Eq. (190)] as well as
the exact integral [Eq. (189)], integrated over z3 and z4 for
various values of q. The smaller the transferred momentum
in devices with large screening lengths is, the more important is the actual shape of the impurity density nD ðzÞ and
the more is the function F affected by the approximation
in Eq. (190). Figure 26 shows that the approximation of
Eq. (190) effectively overestimates scattering only for
rather small transferred in-plane momenta. If the screening
length is shorter than 20 nm (which corresponds to
qs > 0:05 nm1 ), the discrepancy of the effective scattering
strength is negligible.
Figure 27 shows F in the case of the impurity density in
Eq. (192) with z4 centered in the compact support of nD ðzÞ.
The direct path between z3 and z4 may cross an area with
nonzero nD ðzÞ. Then, the approximation of F (dashed) overestimates the exact solution (solid) for values of z3 close to
and within the compact support of nD ðzÞ. However, when the
direct path between z3 and z4 does not touch the compact
support of nD, i.e.,

(191)

partly neglects remote scattering at charged impurities.
Nevertheless, nonlocality of quantum mechanics as well as
the self-consistent Born approximation ensure that a propagation between points z3 and z4 that fulfill Eq. (193) is still
affected by scattering at the charged impurities. Figure 29
illustrates that Eq. (191) reproduces the on-shell scattering
rate of Fermi’s golden rule in a homogeneous GaAs system.

4. Scattering from rough interfaces

The scattering potential has been discussed already in
Sec. VI D 2. Since a detailed knowledge of the ð x; yÞ-dependence of the realistic interface is futile, the interface roughness potential VIR ðxÞ has to be averaged in the ð x; yÞdirection. When the mid-point between the two materials is
assumed to be randomly distributed within a roughness interval 2D the two possible values of VIR ð x; y; zÞ, i.e., 6Vo =2
(where Vo is the conduction band offset) are equally likely
and the ð x; yÞ-average of the roughness potential hVIR ðzÞiðx;yÞ
vanishes exactly. Consequently, the lowest order scattering
at rough interfaces is of second order in Vo. Its derivation is
analog to the scattering at charged impurities (8z3 ; z4 within
the roughness interval)
R<;R ðz3 ; z4 ; r3 ; r4 ; EÞ ¼ G<;R ðz3 ; z4 ; r3 ; r4 ; EÞ
hVIR ðz3 ; r3 ÞVIR ðz4 ; r4 Þiðx;yÞ : (194)

the approximation of Eq. (190) underestimates the scattering
(see Fig. 28). Consequently, the approximation in Eq. (190)

In general, the product of the perturbing potentials averaged
with respect to the actual interface configuration
hVIR ðz3 ; r3 ÞVIR ðz4 ; r4 Þiðx;yÞ depends on the growth coordinates z3 and z4. However, modern molecular beam epitaxy
techniques allow for (depending on the growth direction)

FIG. 26. The function F of Eqs. (189) and (190) integrated over both propagation coordinates. The approximation (dashed) of F deviates from the exact
one (solid) only for small q.

FIG. 27. The function Fðz3 ; z4 ¼ 0; qÞ of Eqs. (189) and (190) at
q ¼ 0.16 nm1. The impurity density nD ðzÞ is given in Eq. (192) and is nonzero only in the gray shaded region. Note that the propagation coordinate z4
is centered in the compact support of nD ðzÞ.

z3 ; z4 > 7 nm Ú z3 ; z4 < 7 nm;

(193)
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If no discretization point lies directly on the steep interface
(as in most finite differences discretizations), the interface is
at the center between two adjacent grid points. Then, one
half of this self-energy can be distributed on each point adjacent to the interface. In this way, the Green’s function on the
interface is approximated with the Green’s function of the respective adjacent grid point. It is worth noting that the prefactor of D2 in formulas of Sec. VI D 2 originates from
the transformation of z3 and z4 to delocalized basis states
(see, e.g., Ref. 206).

FIG. 28. Same as in Fig. 27, but with z4 ¼ 10 nm, i.e., outside of the compact support of nD ðzÞ (grey shaded region).

almost monoatomic or monomolecular resolved growth of
layers, so that the typical roughness interval extends only
over a few Angstrom (see Sec. VI D 2). If this is much
smaller than the typical numerical resolution in envelope
function approximations (such as the effective mass representations), D is usually represented by a single discretization interval (8z3 ; z4 within the roughness interval)
hVIR ðx3 ; y3 ; z3 ÞVIR ðx4 ; y4 ; z4 Þiðx;yÞ
¼ hVIR ðx3 ; y3 ; CÞVIR ðx4 ; y4 ; CÞiðx;yÞ :

(195)

If D is smaller than the numerical grid spacing s, the selfenergies are finite only when its both propagation coordinates lie on the ideal midpoint C. Deviations of the step
height from the grid spacing can be linearly interpolated
<;R

R

2D
ðC;C;r3 ;r4 ;EÞ¼ G<;R ðC;C;r3 ;r4 ;EÞ
s
hVIR ðr3 ;CÞVIR ðr4 ;CÞiðx;yÞ :

a. Gaussian roughness correlation. As pointed out in
Sec. VI D 2, it is a common approximation to assume a
Gaussian-shaped in-plane interface roughness autocorrelation
hVIR ðr3 ; CÞVIR ðr4 ; CÞiðx;yÞ (see, e.g., Refs. 166, 179, and 221)

hVIR ðr3 ; CÞVIR ðr4 ; CÞiðx;yÞ

with the correlation length K of the roughness in ðx; yÞ-direction. When this function is inserted into Eq. (196), Fourier
transformed into the in-plane momentum space and integrated over the in-plane scattering angle, the scattering selfenergy reads165


 2 2  ð 2
K2 Vo2
kqK2
<;R
exp k K =4
R ðC; C; k; EÞ ¼
d qI0
4p 4
2
 2 2  <;R
exp q K =4 G ðC; C; q; EÞ;
(198)
with the modified Bessel function
I0 ð xÞ ¼

(196)

!
Vo2
jr3  r4 j2
exp 
; (197)
¼
4
K2

1
p

ðp

d/ expðx cos /Þ:

(199)

0

b. Exponential shaped roughness correlation. Studies of
different material systems have shown,221,222 that an exponential shape of the roughness autocorrelation may better
reproduce experimental data. Then, the autocorrelation of
the scattering potential reads


Vo2
jr3  r4 j
exp 
hVIR ðr3 ; CÞVIR ðr4 ; CÞiðx;yÞ ¼
; (200)
4
k

where k is the exponential correlation length. When the
Fourier transform of this function is inserted in Eq. (196) and
the angle integral of the convolution is performed, the selfenergy reads
k2 Vo2
R<;R ðC; C; k; EÞ ¼
p 2
FIG. 29. On-shell scattering rate of electrons by charged impurities at 300 K
in homogeneous n-doped GaAs. The doping concentration is 2 1018 cm3.
The screening length was set constant to 5 nm for comparison (instead of the
realistic 3 nm). The dotted line (Fermi golden rule) and the full line (NEGF
calculation) agree nicely.

ð1
0

0 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1
k2 kq
A
dqE@2
1 þ k2 ðk þ qÞ2

qG<;R ðC; C; q; EÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃh
i:
1 þ k2 ðk þ qÞ2 1 þ k2 ðk  qÞ2
(201)
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Here, Eð xÞ denotes the complete elliptical integral of the second kind,
ð x pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  k 2 t2
Eð x Þ ¼
dt:
(202)
1  t2
0

numerically efficient implementation of electron-electron
scattering in NEGF is not conclusively solved in literature.
The assessment of possible approximations of
electron-electron scattering in NEGF is beyond the scope of
this article. We refer the reader to the literature for more
thorough discussions.118,119,205

5. Scattering from alloy disorder

7. General remarks on scattering self-energies

As discussed in Sec. VI D 3, the perturbing potential of
electrons scattering on alloy disorder is given by the difference of the real conduction band offset of the material at
position z to the idealized one [see Eq. (113)]. The derivation
of the self-energies for the scattering on alloy disorder is
very analog to the scattering on charged impurities: In a random alloy, the first order contribution of dV vanishes and the
second order in dV gives the first nonvanishing scattering
self-energy. Band edge fluctuations,

It is worth making a few remarks on the implementation
of scattering in NEGF in general. When NEGF is solved
self-consistently with the Poisson equation, convergence
essentially requires meshes in energy and momentum that
resolve resonant states and van Hove singularities well. Most
often that is only possible with inhomogeneous and adaptive
meshes in energy and momentum.165,219,226 All scattering
self-energies of Secs. VIII D 1–VIII D 5 are given in their analytical form. When they are discretized in energy and momentum, they represent effective scattering between energy
and momentum intervals of different sizes. For numerical
current conservation, the discretization of the energy and
momentum integrals in the scattering self-energies has to
carefully account for these different sizes.219 In most NEGF
implementations, current conservation is ensured by solving
the scattering self-energies in the self-consistent Born
approximation. Alternative approaches that solve the selfenergies in current conserving non-self-consistent approximations are the B€uttiker probe approach227 and the lowest
order approximation of Ref. 228. These approaches are either limited to close-to equilibrium situations or to weak
scattering only.219,228 In other words, the Green’s functions
that appear in the scattering self-energies of the previous
paragraphs are the full scattered Green’s functions. Solving
the Green’s functions and self-energies in the full selfconsistent Born approximation requires iterative solutions of
the involved NEGF equations. Since this is numerically challenging, it is tempting to either truncate the iterations before
convergence or to apply lower order approximations. While
some of the low order approximations may still conserve the
current, they can easily face artifacts. For instance, the
neglect of G< contributions to the inelastic RR self-energy
has been shown to violate the Pauli blocking.118,165
The full energy and momentum integrals of selfenergies such as the polar optical phonon scattering represent
another high numerical burden. This has motivated several
authors to simplify these integrals with representative transferred momenta. While this approximation eases the numerical load a lot, it has to be treated with great care, since the
integrand functions vary significantly with the transferred
momentum.120,121
Nonlocal scattering mechanisms such as the charged impurity scattering cause a much higher numerical load than
local scattering mechanisms: Nonlocal scattering increases
the number of nonvanishing elements in the inverse of the retarded Green’s function in Eqs. (150) and thereby increases
the number of floating point operations to solve GR. Even the
solutions of the scattering self-energies obviously require
more operations and more memory, too. When nonlocal scattering is approximated with local scattering, at least an

hdV ðx3 ; y3 ; z3 ÞdV ðx4 ; y4 ; z4 Þiðx;yÞ
¼ dV 2 hdxðx3 ; y3 ; z3 Þdxðx4 ; y4 ; z4 Þiðx;yÞ ;

(203)

are caused by concentration fluctuations dx. With the
assumption of local randomness within the volume X0 [see
also Eq. (114)]
hdxðxÞdxðx0 Þi ¼ X0 xð1  xÞdðx  x0 Þ;

(204)

the alloy scattering self-energy reads
R<;R ðz3 ; z4 ; k; EÞ ¼ X0 xð1  xÞdV 2 dðz3  z4 Þ
ð
d2 qG<;R ðz3 ; z4 ; q; EÞ:

(205)

6. Inelastic electron-electron scattering

In most of the NEGF implementations, the electronelectron interaction is only included in the Hartree approximation. This mean field approach requires solving the
Poisson equation self-consistently with the electron distribution within the active device. The inclusion of inelastic scattering, however, requires solving the NEGF equations
beyond the Hartree-Fock approximation, as the Fock term
gives only elastic scattering contributions. Higher order correlation terms increase the numerical effort dramatically:
Correlation terms are proportional to convolutions of at least
three single electron Green’s functions. Approximations of
these convolution integrals typically combine most of the
electron Green’s functions into the interaction term W and
assume a product ansatz for the self-energy, i.e., GW approximations.223 Both terms of this approximation are subject to
further approximations. Assessments of typical approximations have shown that lower order approximations may even
yield more realistic results than inclusions of higher order
terms.224,225 Examples for NEGF implementations of inelastic electron-electron scattering on cascade devices so far
only include the plasmon pole approximation for W and a
low-order GW0 approximation.118,119 The challenge of a
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appropriate compensation factor has to be introduced to
avoid underestimation of the scattering rate.120,229,230
E. Selected results of NEGF on terahertz QCLs

In the following, some NEGF results for terahertz QCLs
are presented that illustrate typical and important features of
NEGF. All results represent the electron propagation in the
QCLs in terms of stationary vertical transport in laterally homogeneous quantum well heterostructures. The QCLs are considered to be in contact with two charge reservoirs at z ¼ R and
z ¼ L, respectively. Thereby, the charge transport is treated as a
scattering problem from source to drain, with the open device
forming the scattering center. Cascade periods that surround
the active device are included within the contact self-energies
that supply electrons in equilibrium Fermi distributions.
Incoherent scattering of electrons on optical and acoustic phonons, charged impurities, and rough interfaces is included. The
electron-electron interaction in the Hartree approximation is
taken into account. Material parameters are taken from Ref.
231. All results shown in this section are for terahertz QCLs
consisting of periodically repeated GaAs and Al.15Ga.85As
layers. Each period consists of layers of the widths
ð30Þ 92 ð55Þ 80 ð27Þ 66 ð41Þ 155 Å, where the values in
parentheses indicate the Al.15Ga.85As barriers.232 Only the widest well is doped with a sheet doping density of
1.9 1010 cm2. Only a single period is explicitly calculated,
whereas the remaining periods are covered within the lead
model.
1. QCL work principle—Energy resolved spectral
function

One important difference between NEGF and the density matrix method is that the resulting Green’s function and
self-energies are energy resolved. This additional information increases the numerical load, but it can unveil important
insight into the device physics. One of the energy resolved
quantities is the spectral function of Eq. (163) as it can illustrate the mechanisms that are responsible for gain in the
presently studied QCL structures.
Figure 30 depicts a contour plot of the energy and spatially resolved spectral function of the terahertz QCL for
vanishing lateral momentum k ¼ 0 at a bias voltage of
33 mV per period which is below but close to the lasing
threshold (of about 50 mV per period). The maxima of the
spectral function represent resonant states. All states show
a finite width and a fine structure that results from the
coherent and incoherent coupling of all well states with one
another. In other words, the width of the broadened levels
corresponds to the total lifetime of the electrons in the respective device state. The upper laser level (labeled by #4)
which is predominantly an antibonding state is aligned with
the confined state #5 in the leftmost source-sided quantum
well and therefore gets filled by resonant tunneling. The
lower laser level #3 gets efficiently emptied by two mechanisms. First, the bonding state #3 is aligned with the states
#2 and #20 of the rightmost well which allows its coherent
depletion by tunneling. Second, the energy difference
between this state and the lowest resonance state (#1)
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matches approximately the energy of an LO phonon
(36 meV) which leads to an additional depletion by the resonant emission of LO phonons. At the shown voltage the
alignment is visible, but not fully established. The detuning
of the alignment leads to a strong coherent leakage which
is in more detail discussed below.
2. Effect of incoherent scattering

Transport calculations of mid-infrared QCLs suggest
that the contribution of coherent propagation to the charge
transport in QCLs is insignificant compared to the efficient
incoherent scattering.114 Furthermore, Monte Carlo solutions
of the semiclassical Boltzmann equation, which neglect
(coherent) correlation effects between laser states, have successfully predicted charge transport in terahertz QCLs near
threshold.107 Nevertheless, it can be shown that a general answer to the question whether the transport in terahertz QCLs
is mainly coherent or incoherent cannot be given, since the
balance between both is sensitive to details of the device
structure. It actually turns out that the four well resonant
phonon terahertz QCLs of Fig. 30 is a very instructive example for the interplay of coherent and incoherent transport.
A rather large portion of the current in the resonant phonon terahertz QCLs of Ref. 232 stems from coherent transport. This can be deduced from Fig. 31, comparing
experimental and various theoretical results for the current
density of this terahertz QCL.
The solid curve shows the calculation where phonon,
impurity, interface roughness, and electron-electron scattering in the Hartree approximation have been fully included.
The dash-dotted curve in Fig. 31 shows the limiting case
where all scattering self-energies have been artificially
turned off. Obviously, incoherent scattering enhances the
current density in this QCL. In contrast, incoherent scattering

FIG. 30. Contour plot of the spectral function Aðz; EÞ of the QCL, in units of
108 eV1 cm1, as a function of position z in nm and energy E in meV. The
zero in energy marks the chemical potential of the source. The applied bias
voltage is 33 mV per period. The solid line indicates the self-consistent
potential profile. The spectral function is only shown within the energy interval from 50 to 70 meV. The labels number the relevant resonances that are
discussed in the main text.
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reduces the current density when no confining barriers are
present (such as in transistor devices). In fact, it has been
shown that incoherent scattering decreases the current in low
resistive devices, whereas the current in high resistive devices is increased by incoherent scattering.227
3. Coherent regime

The two maxima of the ballistic current in Fig. 31 near
33 and 48 mV correspond to aligned laser states. At these
voltages, electronic states are generated that extend across
the entire QCL period. Such a delocalized state can be found
in Fig. 30. At a bias voltage of 33 mV per period, the lowest
state in the injector well (labeled with #5) is aligned with the
second state ð#20 Þ of the rightmost quantum well, i.e., the
collector well. This alignment generates a finite spectral
function in the gap between the upper (#4) and the lower
(#3) laser level. In this way, the spectral function at the
energy E ¼ 12 meV remains finite in every quantum well of
the active period. Thus, electrons of this energy can coherently tunnel throughout the QCL period and maintain a maximum in the ballistic I-V characteristic.
Resonances in the current density caused by states that
extend across the total QCL period are already known in literature. In the area of Monte Carlo simulations of QCLs,
anticrossing of laser states also lead to such highly delocalized states which eases the coherent multibarrier tunneling.
In the Monte Carlo formalism, however, the laser states are
determined with a Hermitian Schr€odinger equation which
yields infinite state lifetimes. Thus, when the alignment conditions of the above delocalized states are met, the corresponding resonance in the I–V characteristics predicted in
the Monte Carlo formalism is very large. It has been shown
in Ref. 125 that a finite lifetime of the laser states reduces
the height of the artificial current peaks significantly. The finite lifetime of the electrons in the ballistic calculations of
Fig. 31 originates from the finite probability for electrons to
leave the device and thereby to “decay” into lead states. In
fact, the Schr€
odinger equation that corresponds to the solution of the Dyson equation [Eq. (150)] is non-Hermitian,

FIG. 31. Experimental (triangles) and theoretically predicted (solid lines)
I–V characteristics of the QCL of Fig. 30. Ballistic calculations (dashed-dotted), i.e., NEGF calculations ignoring any incoherent scattering mechanism,
underestimate the current density. At the two ballistic resonances, however,
a large portion of the realistic current is coherent.
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irrespective whether incoherent scattering is implemented or
not. Thus, artificial spikes of the I–V characteristics cannot
be seen in NEGF for open devices.
4. Incoherent regime

When the applied voltage of the QCL in Fig. 30 exceeds
33 mV the completely delocalized state breaks apart and the
ballistic I–V characteristic shows a negative differential resistivity. Such a situation is depicted by the contour lines of
Fig. 32 as they show the spectral function of the same QCL
as in Fig. 30, but at an applied bias voltage of 52 mV per period. Here, the most prominent maxima of the spectral function separate into two groups of partly delocalized states:
One group consists of the aligned injector (#5 in Fig. 30) and
upper laser level (#4) and allows for the coherent propagation from the source sided device boundary to the center of
each QCL period. The second group of delocalized states is
generated by the alignment of the lower laser level (#3) and
the second state of the collector well (#2) and eases the electronic propagation from the center of each QCL period to its
drain sided limit. Since the states of both groups are energetically separated, electronic transitions between them require
dissipation of energy. Thus, at this bias voltage, the coherent
propagation throughout the total QCL period is suppressed,
and the ballistic current is significantly smaller than the corresponding result for incoherent scattering included (see Fig.
31).
5. Incommensurate transport periodicity—Energy
resolved current density

Typically, electrons in quantum cascade devices are
expected to follow the periodicity of the structure. In theory,
this is not necessarily the case, as can be seen from the contour plot of the spectral function at vanishing in-plane

FIG. 32. Calculated conduction band profile (thick line), contour lines of the
energy and spatially resolved spectral function A(z, E) at vanishing in-plane
momentum in two adjacent periods of the QCL at a bias voltage of 52 mV
per period in the relevant energy range between 121 meV and 78 meV.
The contour plot shows the spatially and energy resolved current density
J(z, E) in the same energy range. The zero in energy marks the chemical
potential of the source. The dotted line marks the boundary between first and
second period.
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momentum shown in Fig. 32 for two adjacent QCL periods.
The states associated with the first and second QCL period
are labeled by numbers and primed numbers, respectively. In
both periods, the alignment of the states follows the scheme
described in detail for Fig. 30. In so far, the spectral function
is periodic. In particular, the energy difference between the
lower laser levels (3 and 30 ) and the lowest collector states (1
and 10 ) matches the energy of an LO phonon in both periods.
Nevertheless, the carrier distribution deviates from the geometric QCL periodicity. This can be seen by a contour graph
of the local energy resolved current density J ðz; EÞ [as
defined in Eq. (152)] in Fig. 32. The function J ðz; EÞ shows
spatially constant (i.e., horizontal) stripes in regions where
the electrons propagate without dissipating energy.
Disruptions of these horizontal stripes mark positions where
LO-phonons get emitted. The figure shows that the number
of emitted LO phonons is not equal for adjacent QCL periods. When the electrons have passed the first period and traversed a potential drop of 52 meV, they have emitted only one
LO-phonon of energy 36 meV. The included elastic and
inelastic scattering mechanisms are not able to dissipate the
remaining 16 meV within this QCL period. This is a consequence of the good state alignment that supports efficient
coherent multi-barrier tunneling. Consequently, the electrons
enter the second period with an in-plane kinetic energy of
16 meV. As can be seen in Fig. 32, the energy of the leftmost
current stripe coincides with states 5 and 4, whereas the
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following current stripe lies above the corresponding states
50 and 40 . Thus, these propagating electrons are now able to
emit an LO-phonon, ending up in and occupying the lower
laser level 30 . This occupancy leads to the build-up of the
current stripe near z ¼ 80 nm in Fig. 32 that is absent in the
first period. The electrons can now tunnel resonantly from
states 30 into 20 and scatter into the lowest collector state 10
by the emission of an additional LO-phonon. Thus, the electrons have emitted a total of 3 LO phonons
(3 36 meV ¼ 108 meV) across 2 QCL periods (voltage
drop of 2 52 meV ¼ 104 meV) and are finally fully thermalized. The remaining small energy discrepancy can be
gained from absorbing or emitting acoustic phonons. This
process is repeated in the subsequent QCL periods such that
a commensurable charge distribution with period two is
established. Since the detailed energy balance depends on
the applied bias voltage, the carrier density and current distribution may even become incommensurable with the geometric periods. A consequence of this incomplete carrier
thermalization is a significant reduction in the occupation
inversion and the optical gain in every other period. The calculated gain shows a drop of approximately 65% in the second period in Fig. 32. It has been estimated that electronelectron scattering cannot relax the electrons and restore the
periodicity of the carrier distribution to a single QCL period.118 This is mainly due to the efficient coherent tunneling
of the electrons which supports resonant LO phonon emission instead.156 Recent experimental findings indicate the
heating of the electron gas described here.233
6. Temperature degradation—Energy resolved density

FIG. 33. (a) Energy resolved density at a bias of 50 mV per period at a lattice temperature of 200 K for various spatial positions in the QCL of Fig. 30.
The Roman numbers denote the injector (I), the two active (II and III), and
the collector well (IV). (b) Spatially integrated spectral function at 200 K;
the peaks mark the energy of resonant states.

With increasing temperature, the number of electrons
with high in-plane kinetic energies becomes significant. This
can be seen in Fig. 33(a) that shows the energy resolved electron density nðz; EÞ in the injector well (labeled with I), the
two active quantum wells (II and III) and the collector well
(IV) of the four well terahertz QCL of Fig. 30 at a temperature of 200 K. The subbands are depicted in Fig. 33(b) which
shows the spatially integrated spectral function at vanishing
in-plane momentum. The dashed lines mark the subband
energies of the lowest state in the QCL period
(E ¼ 17.4 meV) as well as the lower (E ¼ 55.5 meV and
E ¼ 60.9 meV) and the upper laser levels (E ¼ 71.1 meV and
E ¼ 73.4 meV). Electrons with more than 20 meV of kinetic
energy above the subband minima can be found in the upper
laser level. This kinetic energy suffices for electrons in the
upper laser level to scatter into the lower laser level by emitting an optical phonon (thermally activated phonon emission). In addition, some electrons in the collector well (IV)
can reach sufficiently high kinetic energies to fill the lower
laser level. These mechanisms reduce the occupation inversion and the optical gain.
For comparison, the energy resolved density and the
spectral function of this QCL at 40 K lattice temperature are
shown in Figs. 34(a) and 34(b), respectively. It is easy to see
that both mechanisms, the thermally activated phonon emission and the thermal backfilling, are absent at this lower
temperature.234
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numerical efficiency. Examples include phenomenologically
extending the standard rate-equation models to include coherence,235 incorporating energetic broadening of the quantized
states into EMC simulations,236,237 and combining the semiclassical Monte Carlo method with a density matrix
approach.125,238 Hybrid density matrix-Monte Carlo methods
exploit the fact that resonant tunneling dominates the transport only in some regions, e.g., through a thick barrier such as
an injection barrier, while a semiclassical transport description is adequate in the rest of the QCL structure.125 A special
challenge in hybrid quantum-semiclassical simulations will
be a self-consistent description of dephasing going beyond
phenomenological dephasing time models.125 Furthermore,
free carrier absorption239,240 and electron leakage into the
continuum of states241,242 can have an effect and thus should
be adequately implemented into the simulations.
B. Modeling of innovative QCL designs based on
alternative material systems

FIG. 34. (a) Energy resolved density and (b) spatially integrated spectral
function for the same QCL as in Fig. 33, but at a lattice temperature of 40 K.

IX. CONCLUSION AND OUTLOOK

The advancement of QCL simulation approaches is
driven by an intrinsic motivation to further improve the
description and numerical implementation of the underlying
physical processes, and by experimental progress requiring
improved and extended simulations. A current research topic
is the consideration of the relevant quantum effects at an acceptable numerical efficiency. Furthermore, the selfconsistent inclusion of the laser field in the simulation is of
great interest, especially in the context of frequency conversion structures for the terahertz and near infrared regime.
Besides, alternative material systems extending the spectral
range covered by QCLs or enabling high temperature terahertz operation might necessitate a theoretical treatment
beyond the conduction band C valley.
A. Development of hybrid quantum-semiclassical and
approximate quantum simulation approaches

Quantum coherence effects can play a pronounced role
especially in terahertz QCLs where the energetic spacing
between the quantized levels is relatively small.115,125 On the
other hand, quantum transport approaches such as the density
matrix formalism or NEGF are numerically much more
demanding than their semiclassical counterparts. Especially
for full 3D simulations, this impedes their application to QCL
design and optimization. Thus, there have been various
efforts to implement certain aspects of the quantum transport
theory into the semiclassical description to increase its accuracy and range of validity, but preserving its relative

Innovative QCL designs based on alternative material
systems hold the potential of extending the spectral range
covered by QCLs or enabling high temperature terahertz
operation. The exploration of alternative QCL designs and
subsequent systematic optimization is greatly facilitated by
careful modeling. Up to now, lasing has only been obtained
for n-type QCLs, using InGaAs/InAlAs on InP substrate or
GaAs/AlGaAs on GaAs,2,3 and to a smaller extent antimonides such as InAs/AlSb.4,5 Since all these materials (apart
from AlSb) have direct bandgaps, QCL simulations have up
to now focused on the conduction band C valley. Thus, for
alternative material systems with an indirect bandgap or
using valence band transitions, the simulation methods will
have to be correspondingly extended and adapted.
Furthermore, additional effects such as strong polarization
fields might have to be included.
One example for an alternative material system which
could extend the application range of QCLs is GaN/AlGaN.
Due to the large conduction band discontinuity, nitride-based
QCL structures are promising candidates for short wavelength applications.243,244 Furthermore, the GaN/AlGaN material system is also interesting for the development of high
temperature terahertz QCLs because of the large optical phonon energies ðELO 90 meVÞ.243,245–247 However, no working nitride-based QCL has been demonstrated to date, only
absorption
and
electroluminescence
has
been
observed.243,244 First NEGF results on a GaN-based QCL
indicated a too large level broadening to maintain lasing.248
The feasibility of terahertz GaN/AlGaN QCLs has also been
studied using self-consistent rate equation models245,247 and
Monte Carlo simulations.246 For simulating such structures,
the band bending effects due to the strong intrinsic polarization fields have to be considered. These are clearly visible in
Fig. 35, showing the conduction band profile and probability
densities for an experimental GaN/AlGaN structure.243
An alternative to the conventional n-type QCLs are
designs employing hole-based intersubband transitions in the
valence band. Si/SiGe-based p-type structures are interesting
since this material system offers a high integration potential
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FIG. 35. Conduction band profile and probability densities for an experimental GaN/AlGaN structure.

and low process costs. For terahertz applications, a major
advantage versus GaAs-based terahertz emitters is that
potentially higher operating temperatures can be obtained
due to the absence of LO phonon scattering in type IV semiconductors.249 A working Si/SiGe QCL has not yet been
demonstrated; however, electroluminescence could be
achieved in the mid-infrared regime due to transitions
between quantized heavy hole states,250 and in the terahertz
regime due to light hole-heavy hole transitions.249 The simulation of hole-based devices is far more elaborate than for
comparable n-type structures, since mixing effects of the
heavy hole, light hole and split-off band have to be considered in the carrier transport simulations and the Schr€odinger
solver. Thus, a more complex description than the effective
mass approximation typically used for n-type devices has to
be employed, such as kp theory.251,252 Due to the absence
of working p-type QCLs, only few theoretical studies based
on rate equations251,253 and the Monte Carlo method252 have
been published. If p-type QCLs based on Si/SiGe or another
material system become technically feasible, the adaption
and efficient numerical implementation of the different simulation approaches discussed in this review paper for the valence band will become a demanding task.
Alternatively, n-type terahertz QCLs based on Ge/SiGe
have been considered.254 Here, the lasing transition takes
place in the conduction band L valleys, which are in contrast
to the C valley both anisotropic and degenerate. Rate equation simulations have been performed to investigate the feasibility of such designs.255 Intersubband absorption has been
experimentally observed in the conduction band of Ge/SiGe
quantum well structures,256 but up to now no operating QCL
has been demonstrated.
C. Inclusion of the optical cavity field

Simulations of the coupled electron and optical dynamics have mainly been performed using one-dimensional
approaches such as rate77,126 and Maxwell-Bloch96–98
equations or the density matrix method.113 On the other
hand, with very few exceptions76,123,238 advanced threedimensional carrier transport simulations have focused on
the electron dynamics, completely ignoring the light field.
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However, the inclusion of the lasing field is not only required
to study the actual lasing operation but also to model terahertz and infrared frequency conversion QCL sources. Here,
the nonlinear optical properties of the QCL heterostructure
must be adequately implemented, and the modeling of the
optical cavity field is crucial to evaluate the nonlinear frequency conversion process. An example is terahertz difference frequency generation in QCL structures, enabling room
temperature terahertz generation20,22,23 with broadband frequency tunability.23,24 A major goal is here to push the available room temperature output power from currently 120 lW
(Ref. 23) to a few mW, as required for most technical applications. Recently, such a QCL device has been modeled
using an EMC approach.25 Artificial optical nonlinearities
are also attractive for extending QCL operation towards
shorter wavelengths, e.g., by using frequency doubling.27
The self-consistent inclusion of the optical cavity field
requires adequate electromagnetic modeling of the resonator
to determine the mode solutions and the corresponding overlap factor C and losses aw, am. Increasingly, special resonator designs based on plasmonic effects or exhibiting
subwavelength structuring are used for beam shaping or to
enhance the efficiency and spectral purity. For example, the
recent performance improvement of terahertz difference frequency sources has largely benefited from special cavity
designs employing distributed feedback structures31 or the
Cherenkov effect.23,28 In addition to general electromagnetic
modeling approaches such as the finite element method, the
development of adapted methods for specific cavity types,
which are numerically efficient and provide more intuitive
insight, is helpful for device simulation and optimization.
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G. Scalari, D. Turčinkova, J. Lloyd-Hughes, M. I. Amanti, M. Fischer,
M. Beck, and J. Faist, Appl. Phys. Lett. 97, 081110 (2010).
14
A. Hugi, R. Terazzi, Y. Bonetti, A. Wittmann, M. Fischer, M. Beck, J.
Faist, and E. Gini, Appl. Phys. Lett. 95, 061103 (2009).
15
P. Q. Liu, A. J. Hoffman, M. D. Escarra, K. J. Franz, J. B. Khurgin, Y.
Dikmelik, X. Wang, J. Fan, and C. F. Gmachl, Nat. Photonics 4, 95 (2010).
16
R. K€ohler, A. Tredicucci, F. Beltram, H. E. Beere, E. H. Linfield, A. G.
Davies, D. A. Ritchie, R. C. Iotti, and F. Rossi, Nature 417, 156 (2002).
17
S. Fathololoumi, E. Dupont, C. Chan, Z. Wasilewski, S. Laframboise, D.
Ban, A. Matyas, C. Jirauschek, Q. Hu, and H. Liu, Opt. Express 20, 3866
(2012).
18
A. Wade, G. Fedorov, D. Smirnov, S. Kumar, B. S. Williams, Q. Hu, and
J. L. Reno, Nat. Photonics 3, 41 (2009).
19
M. A. Belkin, J. A. Fan, S. Hormoz, F. Capasso, S. P. Khanna, M.
Lachab, A. G. Davies, and E. H. Linfield, Opt. Express 16, 3242 (2008).
20
M. Belkin, F. Capasso, F. Xie, A. Belyanin, M. Fischer, A. Wittmann,
and J. Faist, Appl. Phys. Lett. 92, 201101 (2008).
21
R. W. Adams, A. Vizbaras, M. Jang, C. Grasse, S. Katz, G. Boehm, M. C.
Amann, and M. A. Belkin, Appl. Phys. Lett. 98, 151114 (2011).
22
Q. Y. Lu, N. Bandyopadhyay, S. Slivken, Y. Bai, and M. Razeghi, Opt.
Express 21, 968 (2013).
23
K. Vijayraghavan, Y. Jiang, M. Jang, A. Jiang, K. Choutagunta, A.
Vizbaras, F. Demmerle, G. Boehm, M. C. Amann, and M. A. Belkin, Nat.
Commun. 4, 2021 (2013).
24
Q. Y. Lu, N. Bandyopadhyay, S. Slivken, Y. Bai, and M. Razeghi, Appl.
Phys. Lett. 101, 251121 (2012).
25
C. Jirauschek, A. Matyas, P. Lugli, and M.-C. Amann, Opt. Express 21,
6180 (2013).
26
N. Owschimikow, C. Gmachl, A. Belyanin, V. Kocharovsky, D. L. Sivco,
R. Colombelli, F. Capasso, and A. Y. Cho, Phys. Rev. Lett. 90, 043902
(2003).
27
A. Vizbaras, M. Anders, S. Katz, C. Grasse, G. Boehm, R. Meyer, M. A.
Belkin, and M.-C. Amann, IEEE J. Quantum Electron. 47, 691 (2011).
28
K. Vijayraghavan, R. W. Adams, A. Vizbaras, M. Jang, C. Grasse, G.
Boehm, M. C. Amann, and M. A. Belkin, Appl. Phys. Lett. 100, 251104
(2012).
29
O. Demichel, L. Mahler, T. Losco, C. Mauro, R. Green, A. Tredicucci, J.
Xu, F. Beltram, H. E. Beere, D. A. Ritchie, and V. Tamosinuas, Opt.
Express 14, 5335 (2006).
30
A. Bousseksou, Y. Chassagneux, J. R. Coudevylle, R. Colombelli, C.
Sirtori, G. Patriarche, G. Beaudoin, and I. Sagnes, Appl. Phys. Lett. 95,
091105 (2009).
31
Q. Y. Lu, N. Bandyopadhyay, S. Slivken, Y. Bai, and M. Razeghi, Appl.
Phys. Lett. 99, 131106 (2011).
32
Y. Chassagneux, R. Colombelli, W. Maineult, S. Barbieri, H. E. Beere,
D. A. Ritchie, S. P. Khanna, E. H. Linfield, and A. G. Davies, Nature
457, 174 (2009).
33
R. Colombelli, K. Srinivasan, M. Troccoli, O. Painter, C. F. Gmachl, D.
M. Tennant, A. M. Sergent, D. L. Sivco, A. Y. Cho, and F. Capasso,
Science 302, 1374 (2003).
34
M. Schubert and F. Rana, IEEE J. Quantum Electron. 42, 257 (2006).
35
A. Taflove and S. C. Hagness, The Finite-Difference Time-Domain
Method (Artech House, Boston, 2000).
36
G. Bastard, Wave Mechanics Applied to Semiconductor Heterostructures
(Les Editions de Physique, Paris, 1988).
37
I. Vurgaftman, J. R. Meyer, and L. R. Ram-Mohan, J. Appl. Phys. 89,
5815 (2001).
38
M. Cardona, Phys. Rev. 121, 752 (1961).
39
M. Sugawara, N. Okazaki, T. Fujii, and S. Yamazaki, Phys. Rev. B 48,
8102 (1993).
40
L. D. Landau and E. M. Lifshits, Quantum Mechanics: Nonrelativistic
Theory (Pergamon Press, Oxford, 1977).
41
B. Jonsson and S. T. Eng, IEEE J. Quantum Electron. 26, 2025 (1990).
42
E. Anemogiannis, E. N. Glytsis, and T. K. Gaylord, IEEE J. Quantum
Electron. 29, 2731 (1993).
43
C. Jirauschek, IEEE J. Quantum Electron. 45, 1059 (2009).
44
S. Steiger, M. Povolotskyi, H.-H. Park, T. Kubis, and G. Klimeck, IEEE
Trans. Nanotechnol. 10, 1464 (2011).
45
X. Gao, D. Botez, and I. Knezevic, Appl. Phys. Lett. 89, 191119 (2006).

X. Gao, D. Botez, and I. Knezevic, J. Appl. Phys. 101, 063101 (2007).
X. Gao, M. D’Souza, D. Botez, and I. Knezevic, J. Appl. Phys. 102,
113107 (2007).
48
X. Gao, D. Botez, and I. Knezevic, J. Appl. Phys. 103, 073101 (2008).
49
D. F. Nelson, R. C. Miller, and D. A. Kleinman, Phys. Rev. B 35, 7770
(1987).
50
G. Liu and S.-L. Chuang, Phys. Rev. B 65, 165220 (2002).
51
U. Ekenberg, Phys. Rev. B 40, 7714 (1989).
52
M. Braun and U. Rossler, J. Phys. C: Solid State Phys. 18, 3365
(1985).
53
C. Sirtori, F. Capasso, J. Faist, and S. Scandolo, Phys. Rev. B 50, 8663
(1994).
54
H. Tanimoto, N. Yasuda, K. Taniguchi, and C. Hamaguchi, Jpn. J. Appl.
Phys., Part 1 27, 563 (1988).
55
O. Bonno and J.-L. Thobel, J. Appl. Phys. 104, 053719 (2008).
56
Y. Ando and T. Itoh, J. Appl. Phys. 61, 1497 (1987).
57
E. Cassan, J. Appl. Phys. 87, 7931 (2000).
58
W. R. Frensley, Heterostructures and Quantum Devices, VLSI
Electronics: Microstructure Science, edited by W. R. Frensley and N. G.
Einspruch (Academic Press, 1994).
59
C. Juang, K. J. Kuhn, and R. B. Darling, Phys. Rev. B 41, 12047 (1990).
60
D. Y. Ko and J. C. Inkson, Phys. Rev. B 38, 9945 (1988).
61
J. H. Davies, The Physics of Low-Dimensional Semiconductors
(Cambridge University Press, Cambridge, 1997).
62
S. Vatannia and G. Gildenblat, IEEE J. Quantum Electron. 32, 1093
(1996).
63
J.-G. S. Demers and R. Maciejko, J. Appl. Phys. 90, 6120 (2001).
64
W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery,
Numerical Recipes in C: The Art of Scientific Computing (Cambridge
University Press, Cambridge, 1992).
65
J. D. Cooper, A. Valavanis, Z. Ikonić, P. Harrison, and J. E. Cunningham,
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